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PROBLEMS AND SOLUTIONS

Submit problems and solutions separately, with the contributor’s full name and affiliation on each
submission. Submissions in LaTeX are strongly encouraged. All figures must be clearly labeled and
suitable for high-quality reproduction. Proposals should be accompanied by solutions. An asterisk
(*) marks a problem for which no solution has been received by the editors. Undergraduate and
pre-college students are warmly encouraged to submit solutions. Teachers can help by assisting
their students in submitting solutions. Student solutions should include the grade and school name.
All submissions are subject to editorial review for correctness, originality, clarity, and mathematical
interest. Correspondence regarding proposals and solutions: mathproblems-ks@hotmail . com.

Solutions to the problems in this issue should arrive before

December 26, 2026

Problems

180. Proposed by Michel Bataille, Rouen, France. Let x,y, z be real numbers such that x+y+2z = 0.
Prove that

3 3
cos? z + cos? y + cos? z — 1 > |cosz| + |cosy| + | cos z| — 3
(The expression under the square root is nonnegative under the given constraint.)

181. Proposed by Joe Santmyer, Las Cruces, New Mexico, USA. FEvaluate the integral

| 16 (8 — 72% + 162* — 722 + 1)
In dx.

182. Proposed by Armend Shabani, Department of Mathematics, University of Prishtina, Republic
of Kosova. A composition of a positive integer n is an ordered sequence of positive integers whose
sum is n. It is called parity-alternating if consecutive parts have opposite parity. Let X,, be the
number of parts in a parity-alternating composition of n chosen uniformly at random. Prove that
the following limits exist and determine their values:

E[X,] . Var(X,,)

lim , im
n— o0 n n—r00 n
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183. Proposed by Paolo Perfetti, Department of Mathematics, University of Rome Tor Vergata,
Rome, Italy. Evaluate

5 [0 (e ot g ) -

184. Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania. Prove that 3
is the largest positive value of the constant k such that

1+1+1+1+1>5
a+k b+k c+k d+k e+k T 1+k

whenever a >b>1>c¢>d>e >0 with ab+ bec + cd + de + ea = 5.

185. Proposed by Leonard Giugiuc, National College Traian, Drobeta Turnu Severin, Romania.
Let n > 3 be an integer. Find the least constant K, for which

n n
(n72)2ai+KnHai22 Z a;a;
i=1 i=1 1<i<j<n

holds for all nonnegative real numbers ay, ..., a, satisfying
n
Z a?=n—1.
i=1

186. Proposed by Valmir Krasniqi, Institute of Science, Technology, Engineering and Mathematics,
Prishtina, Republic of Kosova. Let R denote the set of real numbers. Determine all functions
f R — R such that

@+ %) = fla+y)((fz =) + fa))
for all x,y € R.
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LET’S CHALLENGE AI WITH PROBLEMS

This section presents mathematical problems intended to challenge both human solvers and
artificial intelligence (AI). All readers are welcome to submit problem proposals.

Complete solutions and partial results will be published in the next issue. At the end of each

solution or report of partial results, authors must state whether Al was used and, if so, identify
the AI system and model used.

Solutions and partial results for the AI challenges in this issue should arrive before
December 26, 2026

1. Proposed by the Editorial Board. Find all positive integers n such that

2" — 1| n?*(3" —1).
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No problem is ever permanently closed. We will be very pleased to consider
publishing new solutions or comments on previous problems.

Solutions

173. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca, Romania.
Find all 2 x 2 matrices with real entries such that e* = A — AT, where AT denotes the transpose
of A and e denotes matrix exponentiation.

Solution 1 by Michel Bataille, Rouen, France. Let O, I, and J denote the zero matrix, the

unit matrix, and the matrix < >, respectively. We claim that the solutions are the matrices

-1 0
n((4m + 1)m)]I + (g +2mr) J

for any nonnegative integer m.

To prove this, we shall use the following result R (whose proof is postponed to the end): we have

A
. q= “eu%ieu if the eigenvalues of A are the distinct complex

et —e
p=A 2
numbers A,z and p = e*, ¢ = e*(1 — \) if A has an eigenvalue \ of algebraic multiplicity 2.

Let A be a solution. First note that A cannot be scalar: if A = o, then e? = e*] # O =
A — AT, Second, we must have A — AT = pA + qI, hence AT = (1 — p)A — qI and therefore
A= (1-p)[(1-p)A—ql] —ql. We deduce that (p — 2)(pA + qI) = O. Since pA + qI = e is
invertible and hence nonzero, we conclude that p = 2.

e = pA + qI where p =

Let A= <Z Z) The equation now writes as A — AT = 24 + ¢I, that is,

0 b-¢\ (2a+q 2
c—b 0 ) 2c 2d+q)’

from which we readily deduce that A is of the form < “ 2) (a,b real with b # 0).

=b

The eigenvalues of A are A = a + ib,u = a — ib and from R, we obtain e::‘f\A = e Si’gb =2

and ¢ = ”i%ieu = e%cosb — 2a and therefore cosb = 0 (since 2a + ¢ = 0 from A — AT =

24+ qI). Tt follows that b = % + kr for some integer k and then e® = (—1)*(7 + 2km) (since
e*sinb = 2b). Distinguishing &k even and k odd and because e® > 0, we deduce a = In((4dm + 1)7),
b=+ (g + 2m7r) for some nonnegative integer m, as expected.

Conversely, it is easily checked that any matrix A of the form [In((4m + 1)m)|I + (3 + 2mm) J
(m=0,1,...) is indeed a solution.

Proof of R. Suppose that A has two distinct eigenvalues A, . By the Hamilton-Cayley theorem,
we have (A — M )(A — pl) = O, hence (A — AI)2 + (A — u)(A— X)) = O.

By an easy induction we deduce that (A — A\)¥ = (u — A\)*~1(A — \I) for any positive integer k.
Now, since A\l and A — AI commute, we have

eh—r—1

£ - )J))

et = eMeATM = I+§:M(A—/\I) = T+
w—A

k!
k=1
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and the result follows after a short calculation. If A has an eigenvalue A of algebraic multiplicity
2, we use a similar calculation or alternatively, we consider a passage to the limit as g — A in the
previous result.

Solution 2 by Ulrich Abel and Vitaliy Kushnirevych, Technische Hochschule Mittel-
hessen, Germany.

Editorial note. The parametrization and the corresponding factors in the submitted solution have
been corrected below.

We show that all solutions are given by

_ (n(2Bm)  Fbm _ 1 B
4= < £Brm ln(ZBm)) o s (2m+2> m o m=012....

Denote A = (ch Z) and assume that
A_ 4 AT _ (0 0 -1
e"=A—-—A" =(c-)) <1 0 > .

Since det(e?) = et =£ 0, we infer that ¢ # b. Let (:;) be a nontrivial eigenvector of A

associated with an eigenvalue A. Then

)= ()= ()
w w v
Equating the components gives
e v = —(c—b)e*w = —(c — b)*v.

Since v = 0 implies w = 0, we have v # 0 and therefore e?* = —(c —b)2. As b, c are real, it follows
that

1
/\:1n|c—b|—|—z'(n+2>7r, n € Z.

Write the two eigenvalues as

d—i d+i
Alzﬁ%, N = EFOTW _ JAdetA— (a1 d).

Since Im A # 0, we have
4det A — (a + d)? = —4bc — (a — d)* > 0.

Thus w > 0, be < 0, and in particular ¢ # 0. Also Re A = In|c — b|. Direct calculation confirms
that A = SDS™!, where

(A0 1l fa-d—iw a—d+iw
D_<0 /\2>’ S_2c( 2c 2¢ )’

S_l—i —2¢ a—d+iw
2w\ 2 —(a—d)+tiw/)’

and

Consequently, if E; = e, then

et =S5ePs5T =

L <(E2 — El)(a — d) + (E1 + Eo)iw 2(E2 — El)b )
24w ) '

2(E2 — El)c _(E2 —F (a — d) + (El + Eg)iw
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Since tr(e?) = 0, we have F; + Eo = 0 and hence

eA_EQ—El a—d 2b
2w 2¢c  —(a—d))’

Moreover, F; # 0 and Fy = —Fy, so Ey — E; # 0. Comparison with A — AT yields a = d and
b= —c. The relation (a + d)/2 = In|c — b| now gives a = In|2c|.

Noting that
<a —c) @ (cosc —sin c)
exp =e ) ,
c a sinc  cosc
we obtain cosc = 0 and e®sin ¢ = 2¢. Since e = 2|c|, the latter equality requires sin ¢ to have the
sign of ¢. Therefore

1
c::i:(2m—|—2)7r7 azln((4m—|—1)7r), m=20,1,2,....

Conversely, these values satisfy eA = A — AT, as the displayed exponential formula shows.
Appendiz: o different approach. The real algebra of matrices of the form (i _xy> is isomorphic

to C via (5 _xy) — = +iy. After the reduction to a = d and b = —c¢, the equation becomes

et = 2¢;.
For ¢ > 0, this gives
. (T
a+zc:1n(2c)+z(§+2m7r>, m=20,1,2,....
The case ¢ < 0 follows by complex conjugation and leads to the same family of matrices.

Solution 3 by Albert Stadler, Herrliberg, Switzerland. Let

Az(i Z), T:a—;d, A = (a — d)* + 4bc, r=VA.

For A < 0, we take VA =iv/—A. Put

sinh(r/2)
77 r 07
C = cosh <f) S = r .
2/ 1 r=20
2’ -

Both cosh z and sinh z/z are even functions, so the choice of the square root does not affect these
expressions.

The Mathematica command

A = {{a, b}, {c, d}};
FullSimplify[MatrixExp[A] - A + Transpose[Al]

gives an output that can be written as

A A4 AT — <eT(C—|—(a—d)S) —b+c+2beTS>

b—c+2ce™S € (C—(a—d)S)
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2
The same formula follows directly from (A — 71)% = %I . We also note that the eigenvalues of A

are 7 & f.
2
Thus e? = A — A7 is equivalent to
C=0, (
(a—d)S=0, (
—b+c+2be™S =0, (i)
b—c+2c™S=0. (

Condition (i) implies that A < 0 and
r 7r
S =im(2k+1
5 = i5(2k+1)
for some nonnegative integer k. In particular, » # 0, and

_ sinh (im(2k + 1)/2) (—1)*

2k +1)  w(2k+1) 7 0.

It follows from (ii) that a = d.
Multiplying (iii) by ¢ and subtracting b times (iv) gives ¢* — b* = 0. Since A = 4bc < 0, the
numbers b and ¢ have opposite signs and equal moduli. Therefore b = —¢ # 0. Condition (iii)
now reduces to e*S = 1, that is,
ea(_l)k
m(2k +1)

Since e® > 0, the integer k is even. Writing k = 2m, we obtain

a=d=1In(r(4m +1)).

Finally, r/2 = i|b| yields
b=—c= :i:g(4m+ 1).

Hence all solutions belong to the family
In(r(4m + 1)) j:g(4m+ 1)
(4m+1) In(m(4m+1))

A= , m=0,1,2,....

m
3

Conversely, for any matrix in this family, cosb = 0 and e®sin b = 2b, so
A_ af cosb sinb\ (0 20\ _ , T
€ =c <—sinb cosb) o (—Qb 0/ A—4
Editorial observation. All three solutions give the same family

4m +1
Azln((4m—|—1)ﬂ')[:&:w,], m=0,1,2,..., J:(_Ol é)

Also solved by the proposer.
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174. Proposed by Vasile Cirtoaje, Petroleum-Gas, University of Ploiesti, Romania. Prove that 2
is the least positive value of the constant k such that

kay 4+ az +--- +ar 2> aiaz + agaz + - - - + agay
k+6 - 8

whenever a1 > a9 > --- > ag > 0.

Solution 1 by the editors. For necessity, take ay =as =a3 =1and ag =--- =ag =0. The

required inequality becomes
2
k+2 S 1
k+6) — 4

Since k > 0, taking square roots gives 2(k + 2) > k + 6, hence k > 2.
We prove sufficiency for k = 2. Let h = ag, b = a; — h for 1 < ¢ <7, and put

6
T=by+- -+ b7, C:ZbibiJrl-
i=1
All b; are nonnegative, and b; < b;. Consequently,

6
C<bY b =bT.
=1

Writing ag = a1, we also have

2a1+a2+---+a7:8h+2b1 +T,
8
Z aiai_,_l = 8h2 + 2h(b1 + T) + C
i=1
Therefore,
8

(2@1 +ag + -+ a7)2 — SZaiaHl
i=1
= 16hby + (2by — T)? +8(byT — C) > 0.
Dividing by 64 proves the desired inequality for k = 2. Thus the least positive value is 2. The
test tuple a1 = a3 = a3 =1 and aqg = --- = ag = 0 attains equality at k = 2.

Solution 2 by Paolo Perfetti, Department of Mathematics, University of Rome Tor
Vergata, Rome, Italy. To see necessity, take a; = a2 = a3 =1 and ay =--- =ag = 0. Then
((k+2)/(k+6))? > 1/4, which forces k > 2 for k > 0. We now prove that the inequality holds
for k = 2.

Define a; = a, ag =b, a3 =c¢, ay =d, a5 = e, ag = f, a7 = g, and ag = h. We can set

g=h+z, f=g+y, e=f+z d=e+t,
c=d+4+u, b=c+wv, a=b+w,

where h, x,y, z,t,u, v, w are all nonnegative. After multiplying by 64, the desired inequality is

(20 +b+c+d+e+ f+9)* —8(ab+bc+cd+de+ef + fg+ gh+ ha) > 0.
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Its left-hand side expands to
16h(z +y+2z+t+ut+v+w)
+ 1622 + 9y? + 422 + 1% + v? + 4w?
+2z(y+z+t+u+v+w)
+ 12yz + 14yt + 16yu + 18yv + 20yw
+ 4zt + 8zu + 122v 4 162w
+ 6tv + 12tw + S8uw + 4vw,
which is nonnegative. Therefore the least positive constant is k = 2.

Also solved by the proposer.

175. Proposed by Michel Bataille, Rouen, France. Let m and n be coprime positive integers such
that mn + 1 is a square-free divisor of m* 4+ n* + 2. Prove that m =n = 1.

Solution by Thammadol Tansrivorarat and Artem Borisov, University of Bristol,
United Kingdom. The condition mn + 1| m* + n* + 2 implies

mn+1|m*+n* +242(mn +1)(mn — 1) = (m? +n?)%

Since mn + 1 is square-free, it follows that mn + 1 | m? + n2. We prove the remaining part by
Vieta jumping (compare the classical descent method in IMO 1988, Problem 6). Let

m? + n?

mn+1°

where k is a positive integer. This means that m is a root of

X2 —knX+n?>—k=0.

By Vieta’s formula, the other root is

n? —k
r=kn—m= ,
m

which is also an integer.

If n =1, then m+1|m?+1 gives m + 1|2, so m = 1. If m = n, coprimality immediately gives
m =n = 1. Suppose the reduced equation m? + n? = k(mn + 1) has a coprime positive solution
other than (m,n) = (1,1). For this fixed k, choose such a solution with the smallest sum m + n.
By symmetry, assume m > n > 2.

We claim that r cannot be negative. If » < 0, then —rkn > k, whence
r2—rkn+n?—k>rP+k+n?>—k>0,

contrary to the fact that r is a root. If r = 0, then k = n?, and n? | m? + n? implies n? | m2.
Since m and n are coprime, this forces n = 1, again a contradiction. Thus r > 0.
Moreover,
ged(r,n) = ged(kn — m,n) = ged(m,n) =1,
and the quadratic equation gives
r? +n? =k(rn+1).
Hence (r,n) is another positive coprime solution of the reduced equation. However,
2
n°—k

m

r =

<m,

because n < m and k > 0. It follows that r + n < m + n, contradicting minimality. Therefore
m=mn=1.

Also solved by the proposer.
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176. Proposed by Stanescu Florin, Serban Cioculescu School, Gdesti, Romania. Let (ap)n>1 be a
sequence of real numbers defined recursively by

1—emon
ay € (0,1], Apy1 = W

Compute the limit
4

lim n—((nQ —1)(1 —e*) —n(e " — 1))

n—oo Inn
2
Solution 1 by Michel Bataille, Rouen, France. We show that the required limit is 3
It seems simpler to work with the sequence (u,) defined by u,, = n2a,, (so that u,,; =1—e 4
for all n > 1). We then have to evaluate the limit of % - X,, where
Xp=m2—1)(1—ef)—nle " —1).

Since e* > z + 1 for all real x (with equality if and only if © = 0), we have u,, — u,4+1 > 0 for all
n. In addition, by an immediate induction, we see that u, > 0 for all n. The sequence (u,,) being
bounded below and non-increasing, is convergent and its limit ¢ satisfies £ = 1 — e~*. Thus £ = 0.
= lim I_ZJ = 1) and that

n n— 00 n

We deduce that u, 1 ~ u, as n — oo (since lim “2*L
n—oo

ul -t U u? -t
+6”+0(u;°’l)> :’LL;1 <1—2n+6n+0(ui)>
1
2y\ -1, 1 n

n
From the Stolz-Cesaro theorem, we first obtain (u,;_sl_1 —up ) ~ 2 (since u,t; —uyt ~
k=1

);

N[

hence u-! ~ Z and u, ~ 2.
n n

2
-l _n+tl _(u—l_ﬁ) Un 1
n+l 2 n 2 12 6n

g ~ 1“7" and then to

2 1_i_11r1n_~_ Inn _1_2 21nn+ Inn
u”_n 3n © n T n 3n2 © n?2 )’

On the other hand, we have

Second, from

S

2 2
2 Yp 2 Un 'LLn 6 - Unp, un 4
and ) 5 )
_Yn Up u'n, u'n, un
n(e” 1)_n<n+2n2 6n3+0(1/n6)> :*Un+%+0(1/n4)
so that

X, = (2 = 1)(1 — e*/™") — (e vn/m — 1)

Up (2 u
=2 (2 qy, -2 1/n2
2n<n “ n+0(/n)>

U, (2Ilnn n Inn
= — —_— O [
2n \ 3n? n2 ’

since w, /n ~ 2/n* = o(lnn/n?). Thus, X,, ~ %= (Zop) ~ 212 45d the result follows.
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Solution 2 by Paolo Perfetti, Department of Mathematics, University of Rome Tor
Vergata, Rome, Italy.
Editorial note. The asymptotic remainder estimates in the submitted proof have been corrected.

Let b,, = n%a,. Then

b7L+1 =1- e_bn <1- (1 - bn) = bn-
Thus (b,,) is positive and decreasing, and converges to a value L satisfying L = 1 —e~%. Therefore
L=0.

Expanding at zero, we have

11
bn+1 o 1—ebn
_ 1
b (1—b,/2+0(b2))
1 1
= 5t +0bn).

Summing from n = 1 to IV, and using b, — 0, gives

1 1

N
N N
- = O(b,) = — +o(N).

Consequently, b, ~ 2/n and b, = O(1/n). Returning to the same sum, we obtain

1 N
= —+4+0O(InN),
v 2 (InN)

n n

N N
D bp=2mN+0(1), > b:=0()
n=1 n=1

SO

It follows that

For a more precise estimate, use

1 S .
=4 -4 — t3 t .
= t+2+12+0( ) (t —0)

Hence

N
1 1 1 b, 5
- = g (2+12+O(bn)>

by by~
N InN
~ LY Lo
5 T TOO)

because Zn21 b3 converges. Inverting this estimate and replacing N + 1 by n yields

2 2lnn 9
bnzﬁ— 37’L2 +O(1/TL )
We have therefore obtained
2 21
an = = — 224 0(1/nb).

n3 3n4
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Using e = 1+ x + 22/2 + O(2?), we obtain

(n? —1)(1 —e®) —n(e ™ — 1)
3

n3a?  n?a?  a?
= O0np — 2n_ 2n+7n+0(n4ai)
3,2
= ap — — 2“" +0(1/nY).
Moreover,
4 8Inn
2 % olnn 7
an = no 3n7 + O(l/n )7
n3aZ  2lnn 4
Thus
n—4((n2 —1(1—e) —n(e ™" —1)) = 2 +O0(1/1nn)
Inn 3 ’

and the required limit is 2/3.

Solution 3 by Albert Stadler, Herrliberg, Switzerland. Put b, = n2a,. Then b; € (0, 1]

and

b,
bn+1 =1-e )

so 0 < b, <1 for all n > 1. Moreover,

o0 b2k b
— = E n_ (] - = .
bn = bty (2k)! ( 2%k + 1) >0

k=1

Thus (b, ) is decreasing and has a limit b > 0. The equation b = 1 —e~? forces b = 0. Consequently,

N—

=

t =tk
pr—l :ZBkH, lt| < 2.
k=0
It gives
1 11 bn
- = —1
bpt1i  bn by \1—e0n
= kOt *
=Y (1B ()
k=1
1 b
=+ 2400
5Tt (b,)

N-1 N-1
1 1 N-1 1
— =4+ =N "p+0 b3 | . *x
by by 2 +12;JJr = )

Since b? <bjand ) b; = o(N), this implies

J<N

1 n 2
=50 to(l),  bu=—(1+o(1)).

n
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In particular, b, = O(1/n), so >_; _nb; = O(InN) and Z]<N 7 = O(1). Substitution into (x)
gives

1 n 2 Inn

Because X:j>2(1nj)/j2 converges, we now have

Zb _22 +0(1) =2Inn+0(1).

Jj=1

Using (**) once more, we obtain

Therefore

2 2lnn 1 2  2lnn 1
by, =—— O\= ), n=———7+—+0|—].
n  3n? + (nQ) “ nd  3n? + <n4)

Finally, Taylor expansion gives

(n? —1)(1 —e*) —n(e "% —1)

n—l—n—12

2+ 0(n*ad)

:an—

Hence the required limit is 2/3.
Also solved by the proposer.

177. Proposed by Dion Aliu, University of York, United Kingdom. Let S(n) be the biggest square
divisor of n. Let {a,}22, be defined as follows:

ap=a, ay="»

and
ant1 = S(an) + S(an—1)-

Prove that for every choice of a,b € N, the sequence is eventually constant.

Solution by the editors. For a positive integer m, put Q(m) = 1/S(m). The prime factorization
of m shows that

Q(c*m) = cQ(m) (c,m € N).

Set z, = Q(a,) and d = ged(z1,22). The prime factorization also gives d = Q(ged(a, b)): f
every prime p, the exponent of p in d equals min{|v,(a)/2], |vp(b)/2]|} = |min{v,(a), v,(b)}/2 J
The given recurrence implies

Tpir = Qz, +25y) (0 2>2).
Consequently, every x,, is divisible by d, and the positive integers u, = x,,/d satisfy

Upt1 = Q(ui + ui,l), ged(ug, uz) = 1.
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If ged(up—1,u,) = 1, then ged(up, un+1) = 1 as well. Indeed, a prime dividing both w,, and w41
would divide u2 + u2_;, and hence also u,,_1, a contradiction. Thus every two consecutive terms
of (uy,) are coprime. Their sum of squares is either odd or congruent to 2 modulo 4, so its greatest
square divisor is odd. It follows that u,, is odd for every n > 3.

For n > 4, therefore, u2 +u2_; =2 (mod 8). The quotient of this number by its greatest square
divisor is an even positive integer, and is consequently at least 2. Hence

2
un+1 S 2 ~.

Let M,, = max(u,—1,u,) for n > 4. The preceding inequality gives M, 1 < M,,. If M,, > 1,

coprimality ensures that u,_1 # u,, and hence u,+1 < M,,. Applying the inequality once more
gives upyo < M, so

Myto < M, whenever M,, > 1.

Since the M,, are positive integers, this strict decrease forces M, = 1 eventually. Thereafter
un = 1 and z,, = d for all sufficiently large n. Finally,

U1 =22 + 22| = 2d°
for all sufficiently large n, proving the assertion. In fact, the eventual constant is

d? = 25(gcd(a,b)).

Also solved by the proposer.

178. Proposed by Paolo Perfetti, Department of Mathematics, University of Rome Tor Vergata,
Rome, Italy. Compute the integral

*In(1 — 2
/ In(l-z+2°%)
0 1+ a2

Solution 1 by Michel Bataille, Rouen, France. The proposed integral I is the sum J + K

where
J:/lln(l—x—i—aﬂ)d% P /‘X’lnl—x—i—x)dx
0 1+ 22 1+ a2

and the change of variables x = % shows that

B 1
K- / In(1 u+u)d _2/ In(u) du— J42C
1+ u? o 1+ u?

17L1

where G denotes the Catalan constant G = Z W Thus, I = 2J + 2G and it remains to

calculate J. To this aim, we use the method and some of the results developed by Kee-Wai Lau
in the solution to a recent problem ([1]).

For a € [1/2,00), let J(a) = 01 ln(a;j%ﬁ) dx. First, we calculate J(1/2):

"n(1 —z) boda ™ T
J(1/2):2/0 ﬁd;c—(1n2)/0 7:2(51112—0)—11112:—26*

T 1+ 22
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where we use

1 _ 1 1]y L=z
/ In(1 —z) dx:/ In(1+ z) dx+/ E
0o 1+a? 0o 1+a? o 1+a2
w/4
™ 1—tand
=—-1In2 In{ —— | dd ([1
s +/0 n(1+tan9) (1)

w/4 w/4
:%1n2+/0 1ntan(£—0) d&:%an—&—/@ In(tan u) du

1
T Inx s
=—In2 ——dr=—-In2-G
8n —l—/o g T 8n

For a > 1/2, we have

J'(a) /1 dz 2 [a i (2am1)]1
a) = = rctan | ————
0 ar?—x+a 4a2 — 1 Viaz —1)],

2 20+ 1 ™ 2 20 —1
= ——————arctan = — arctan
4a? — 1 2a —1 VdaZ =1  V4a?2 -1 2a+1

s

=—+ —J(a
4a? —1 (@)
where I(a) = 01 m(a;::%ﬁ) dzx (see [1]).

At the lower endpoint, the substitution a = 1/2 gives

"In(1 +z) ™

I(1/2) =2 dr ——In2=0.

1“(2;\/‘3’) (change of variables a = L cosh(t)) and f11/2 I'(a)da = I(1) =

; 1 1 —
Since f1/2 T da = >

TIn(2+ v3) - % (see [1]), we obtain

J=J(1) = J(1/2)+ 1 J'(a) da = —2G+gln(2+\/§)—%ln(2+\/§)+§ = gm(2+¢§)—%
1/2

and finally

1:2J+2G:2§1n(2+¢§)—%.

[1] Kee-Wai Lau, Solution to 2176, Mathematics Magazine, Vol. 97, No 4, October 2024, p.
435-6).
Solution 2 by Kee-Wai Lau, Hong Kong, China. Denote the given integral by I, and let

1 1 1 1
TR EtT
be the Catalan constant. We show that
2(mIn(2 3)—-2C
I (7 In( +3\[ ) ) . (1)

We first introduce four integrals. Let

1 1
Inx In(1 —z)
L=/ 2% g L= 2"2y
' /01+x2 S /0 T+az
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dr.

2¢ 4+ 1

/3 1 arctan ﬁ
I3 :/ rsecxdr, I4:/
0 1

/2 4:E2 -1

It is known (I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Elsevier
Inc., 2007, entry 4.231(12), p. 536 and entry 4.291(10), p. 556) that

I =-C, 2)

and
mln2 _
8

I = C. (3)

It is shown (Solution to problem 2176, Mathematics Magazine, 97 (2024), 435-436) that

I mn(2 +/3) - 2C
3 = .
3

sec 6
By the substitution x = ——, we obtain

13 1
I, = 5/0 arctan (tan(@/Q)) sec 6 db

1

/3
:7/ (m —0)secddo
4 Jo

w2+ V3) — I3
— ; ,

By (4), we obtain

I, = 7In(2 +6\/§)+C' 5)

1
We now come to the proof of (1). For ¢ > 2 let

Yn(t — o + ta?

1
By the substitution x = —, we have
Y

® In(1 — 2 UIn(1 — 2

/ —n( x_gx)dx:/ 711( y—;y)dy—th
1 14+ 0 14y

so that

1 2
In(1 —
I:2</ n<$+$>dx_11>,
0 1+ a2

or
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1
For t > ok we have

ity 11
dt _/0 t—x+tx2dx

2tz —1 \7"
2arctan | ——

_ 42 — 1
4¢2 — 1
0
2t +1
2 t
- arctan (’/Qtl)
4t2 — 1 '
Thus f(1) — f(1/2) = 21,. Note that
In2
F(1/2) =21, — ”f :
and so
min2

F(1) =21, + 21, —
By (6) and (7), we deduce that

mln?2
2

I =4I+ 41, — 21, —
Now (1) follows from (2), (3) and (5).
Solution 3 by Albert Stadler, Herrliberg, Switzerland. We prove that the integral equals
%” In(2+v/3) — %,

where G is Catalan’s constant. We use the following two integral evaluations (the first is also
justified below via the Clausen function):

/6w 4G 4G
du =5~ T arccosh(2) = = — Tin(2 4 V3
/o aon =3 GaI‘CCOb() TG n(2 +v/3),

and

ere] 2
/ In(A+2%) o
0 14 a2

For the first evaluation, define the Clausen function by Cly(t) = 3, -, sin(nt)/n?. Integration by
parts together with the Fourier series for Intan u gives -

/6y s T T 5t
du = —Intan — + Cly( = Cla| — ).
/0 sinu b 6 . an12+ 2(6)+ 2(6)

Grouping the terms with odd indices in the two Clausen series yields Cly(7/6) 4+ Cly(57/6) = 4G/3.
Since tan(7/12) = 2 — /3, this recovers the stated evaluation.

For 0 <t <1, put
*In(l—t 2
ﬂw:/ In(1—te+2%)
0 1+ 2?2

Since 1 — tz + 22 > (14 22)/2 for > 0, differentiation under the integral sign is justified by the
integrable bound 2z /(1 + x2)2. Thus

F(t) = F'(t) = —/ODO : v da.

11—tz +2?)(1+ 2?)
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For 0 < t < 1, the partial-fraction identity

—x 1 1

(1I—tr+22)(1+22)  t(1+22) (1 —tx+22)

1 [ dx 1 [ dx
ft) =+ T2 7 FE——1
t 0 1—|—J; t 0 1_t$+]}

7w+ 2arctan (t/v4 — t?)

S22t tv/4 — 2 ’

The apparent singularity at ¢t = 0 is removable; the integral definition gives f(0) = —1/2.

gives

Substituting ¢ = 2 sin u, we obtain

1 /6
| roa= [T (Gt - )
0 0 2sinuy  2sinu  sinu

w/6 w/6
:fz/ tan (E) duf/ .u du.
2 Jo 2 o Sinu

Here
/6
T U ™ s 243
—5/0 tan<§> du—ﬁln(COsm)_21n< 1 )
Consequently,
1
T 2443 4G 7
t)ydt =—1 —— 4+ —-In(2
Of() 2n<4> 3+6n(+\/§)
2 4
:—ﬂln2+§ln(2+\/§)—§.

Since F(0) = wln 2, the fundamental theorem of calculus now gives

Fh(l-ata®) ! on e
/0 sz—F(l)*F(O)Jr/O f(t)dt—?ln(2+\/§)f?_

Also solved by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania;
and Joe Santmyer, Las Cruces, New Mexico, USA.

Also solved by the proposer.

179. Proposed by Joe Santmyer, Las Cruces, New Mexico, USA. If a > 0 show that
/7r/2 dé . 1—a+In(a)
—aj2 1+ ae~mtan(®) (1—a)ln(a) /°
Solution 1 by Albert Stadler, Herrliberg, Switzerland. The substitution = = tan gives

/2 do o dz
I(a) = T . —rtend = — o -
—rj2 1+ ae-mtan oo (T ae™™)(1 + 22)

For a =0,



For a = 1, the change of variables  — —x shows that

e 1 1 dx
2I(1) =
() [W<1+e—ﬂm+1+eﬂm>1+x2

Hence

Now assume a > 0 and a # 1, and write £ = (Ina)/7. The function

1

(14 ae=™#)(1 4+ 22)
is meromorphic, with simple poles at z = +i and

H(z) =

z=E64 (2k+1)i, ke
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Let Py be the positively oriented rectangular contour with successive vertices —2N, 2N, 2N +2Ni,
and —2N + 2Ni. For all sufficiently large integers N, so that 2N > ||, the residue theorem yields

N
1 1 1
H(z)dz = —

1
2i Py _21'(17(1)4_71'Z

4 (64 (26— 1))

Indeed, the residues at the upper-half-plane poles are

1
HZ) = —
Res H(z) = S —ay
1
Res H(z) = , k=1,2,....
z=6+(2k—1)i ) m(1+ (€ + (2k — 1)i)?)

On each of the three nonreal sides, |1 + 22| > 4N? — 1. On the top side, e =™ is positive real, and

hence |1 + ae~™#| > 1. For the right, top, and left sides, respectively, we therefore have

1

1 AN .
[ —Y
2mi /top H(z)dz) < orne =gy = O )

Letting N — oo gives

™ - 2i
I(a) = .
@ 1*a+;1+(§+(2k—1)¢)2
Put p = (Ina)/(wi). Then

2i _ ( o 1 >
+ (€4 2k — 1)i)? p+2k p+2k-2)
The series telescopes:

>

1 1
:ilim< —>
(e 2k—1) )2 Noe\p+2N p

2N
— H(z)dz| < =O(N!
o /right () dz) < 271 — ae—2"N[(4N2 — 1) o=,

1 ON
— H(2)dz| < =O(N7Y).
omi /lcft (2)dz < 5w —qane =y~ OW )
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Thus ) .
™ ™ —a+Ina
I = — —_— = _—
(a) 1—a+lna W(l—a)lna’

with the values at a = 0 and a = 1 understood by continuous extension.

Solution 2 by Paolo Perfetti, Department of Mathematics, University of Rome Tor
Vergata, Rome, Italy. With § = arctant, followed by t — —t, the integral becomes

00 dt o0 dt
I(CL) = [oo (1—|—t2)(1 +a€—ﬂ't) = /;oo (1+t2)(1+ae”t)'

For a = 0, the integral is trivially
w/2
/ df = .
—m/2
For a = 1, we have

1 o0 dt *° dt
I =3 [/OO 1+ ) (1 +e ™) +/(,o(1+1t2)(1+eﬂ)

_1/Oo dt «
2 14tz 2]

Now suppose a > 0 and a # 1. Consider the complex function

1
1@ = a s atae)

Put £ = —Ina/7. The poles in the upper half-plane are z = ¢ and
ze =& +i(2k + 1), k=0,1,2,....

They are distinct because a # 1. Close the contour with the rectangle having vertices —N, N, N +
2Ni,—N + 2Ni. For sufficiently large N, it contains i and zg,...,zy_1. On its top edge,
[1+ae™| > 1, and [1+22] > (2N —1)(2N +1). On the vertical edges, |1+ 22| = |z —i| |z +i| > N?,
because Rez = £ N and both |z —i| and |z + ¢| are at least N; the exponential factor is uniformly
bounded away from zero on the left and grows exponentially on the right. Thus the integrals over
these three edges tend to zero.

The residue theorem consequently gives

I(a) = 2mi |Res,—; f + Z Res,—., f
k=0

Since
1 1

2i(1—a)’ Rese—s, /= (1422

I(a) Z

1 §+z2k—|—1))

Res.—; f =

we obtain

The series telescopes:

> 2i = 1 1
,;Ol+(§+i(2k+1))2 _kZ_O( +2ki_£+2(k+1)i>
1 1
T N eV 1 D)
™

“Ina’
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Therefore
T s l—a+1Ina

I(a) = wm.

:1—a Ina

At a =0 and a = 1, the right-hand side is understood by continuous extension, giving the values
already computed above.

Also solved by the proposer.
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MATHCONTEST SECTION

This section presents interesting and elegant problems selected from university mathematics
competitions around the world, particularly those suitable for undergraduate olympiad training.
Proposals are always welcome. The sources of the problems will be given when their solutions are
published.

Solutions to the problems in this issue should arrive before
December 26, 2026

Proposals

125. Let f: R — R be twice continuously differentiable, with

| f@ae=o. g =rm-t

Prove that

/ (f”(ac))zdx > 15,

-1
and determine all functions for which equality holds.

126. Let a > 2 be an integer. Prove that there is a positive integer b such that, for every positive
integer n, some prime p = p(a, b,n) divides a™ + b but p? does not divide a™ + b.

127.  Call a function f : [0,00) — [0,00) maz-polynomial if there exist finitely many real
polynomials py, ..., p;,, each nonnegative on [0, 00), such that

f(z) = max{p1(z),...,pm(z)} (x >0).
Is the function f(z) = min{z,x?} max-polynomial?
128. Let A € M, (C) satisfy
A*A? = AAY,
where A* is the conjugate transpose of A. Prove that A% = A.

129. Alice and Bob play a game with a string of n digits, each in {0, 1,2}. Initially all digits are
0. A move consists of adding or subtracting 1 from a single digit, provided the resulting string
has not appeared earlier in the game. The players alternate moves, with Alice playing first; the
first player unable to move loses. For each integer n > 1, determine which player has a winning
strategy.
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Solutions

120. Let g: R — R be continuous and such that ¢(0) = 0 and g(x)g(—z) > 0 for any x > 0.
Find all solutions f: R — R to the functional equation

9(f(z+y)) = 9(f(2)) + 9(f(y)), forall z,y € R.
(Imperial Mathematics Competition 2018/19, Round One, Problem 1(i))

Solution by Michel Bataille, Rouen, France. First we examine some consequences of the
hypotheses on g. Clearly, we must also have g(x)g(—z) > 0 if < 0 and therefore g(x) = 0 holds
if and only if 2 = 0. Since g is continuous and g(x) # 0 when z > 0, g has a constant sign on
(0,00) (a consequence of the Intermediate Value Theorem). Similarly, g has a constant sign on
(—00,0). Since g(x)g(—z) > 0 for = # 0, either g(z) > 0 for all nonzero real x or g(x) < 0 for all
nonzero real . We assume that the former holds (otherwise, we replace g by —g, which does not
change the problem).

Taking z = y = 0 gives g(f(0)) = 0. Taking y = —z then gives g(f(z)) + g(f(—z)) = 0. Both
summands are nonnegative, so g(f(x)) = 0 for every z. Since g vanishes only at 0, we obtain
f(z) =0 for all .

Conversely, the zero function is obviously a solution.

In conclusion the unique solution to the given equation is the zero function fy defined by fo(xz) =0
for all x.

121. Let A={1,2,...,n}. Prove that if n > 11 then there is a bijective map f: A — A with

the property that, for every a € A, exactly one of f(f(f(f(a)))) =a and f(f(f(f(f(a))))) =a
holds.

(Imperial Mathematics Competition 2018/19, Round One, Problem 2(ii))

Solution by the editors. Write n = 4q + r, where ¢ > 3 and 0 < r < 3. Then
n=4(q—r)+ 5r,

and g — r > 0. Partition A into ¢ — r sets of size 4 and r sets of size 5. On each set, define f to
cyclically permute its elements. The resulting map is a bijection.

If a belongs to a cycle of length 4, then f%(a) = a and f°(a) = f(a) # a. If a belongs to a cycle
of length 5, then f5(a) = a and f*(a) # a. Thus exactly one of the two required equalities holds
for every a € A.

Also solved by Stephen C. Locke, Department of Mathematics and Statistics, Florida
Atlantic University.

122. A magic square of size n is an n X n array of real numbers such that all the rows, all the
columns and the two main diagonals have the same sum. Determine the dimension, over R, of the
vector space of n X n magic squares.

(Imperial Mathematics Competition 2018/19, Round One, Problem 3)


https://icmathscomp.org/files/2018-2019/Individual_Round_One_20181124.pdf
https://icmathscomp.org/files/2018-2019/Individual_Round_One_20181124.pdf
https://icmathscomp.org/files/2018-2019/Individual_Round_One_20181124.pdf
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Solution 1 by Michel Bataille, Rouen, France. The dimension is 1 if n =1 and n = 2. If
n > 3, the dimension is n? — 2n. This is a well-known result and various proofs can be found in
the following articles:

J.E. Ward, Vector Spaces of Magic Squares, Math. Magazine, Vol. 53, No 2, March 1980, p. 108
N.J. Lord, The dimension of the space of magic squares, Math. Gazette, Vol. 66, No 437, Oct.
1982, p. 199
R.B. Coates, The dimension of the space of magic squares, Math. Gazette, Vol. 67, No 442, Dec.
1983, p. 303

A.F. Beardon, The dimension of the space of magic squares, Math. Gazette, Vol. 87, No 508,
March 2003, p. 112

Solution 2 by Henry Ricardo, Westchester Area Math Circle, New York, USA. For
n > 3, this is a well-known problem whose solution is n? — 2n = n(n — 2). The proof of this fact as
well as other information about magic squares can be found in "Vector Spaces of Magic Squares"
by James E. Ward IIT (Mathematics Magazine 53 (1980), 108-111).

Solution 3 by the editors. For n =1 the space has dimension 1. For n = 2 the row, column,
and diagonal conditions force all four entries to be equal, so the dimension is again 1. Now let
n > 3, and denote by J, the all-ones matrix. Every magic square has a unique decomposition

A=27,+B,
n

where s is its common line sum and B has every row sum and every column sum equal to 0.
The space U of matrices B with zero row and column sums has dimension (n — 1)?: its top-left
(n —1) x (n — 1) block can be chosen freely, and the remaining entries are then forced. The
requirement that the two diagonal sums of B vanish imposes two further independent linear
conditions on U. To see their independence, write F;; for the matrix unit and set

Wi =FEqyn + Eoo — Fyp — FEo € UL
For n > 4, the main- and secondary-diagonal sums of W; are (2,0), while those of
Wo=FEyn1+FEy —FEi,—FEyp 1 €U

are (0,—2). For n = 3, take instead Wy = Ej5 + Fa3 — F13 — Fay; the corresponding pairs of
diagonal sums are (2,1) and (—1, —2), which are linearly independent. Hence the two diagonal
conditions have rank 2, and the dimension of the space of magic squares is

I+(n—12-2=n*>-2n  (n>3).

123. For u,v € R*, let (u,v) denote the usual dot product. Define a vector field to be a map
w : R* — R* such that (w(z),2) = 0 for all 2 € R%. Find a maximal collection of vector fields
{w1,...,wr} such that the map Q sending z to \wi(2) + -+ + Agwi(2), with Ay,..., Ax €R, is
nonzero on R* \ {0} unless A\; = -+ = A\ = 0.

(Imperial Mathematics Competition 2018/19, Round One, Problem 4)

Solution by the editors. The largest possible collection has k = 3. Indeed, fix zy # 0. Each
vector w;(zo) lies in the three-dimensional space z3-. The stated property requires these vectors
to be linearly independent: any nontrivial linear dependence would produce a constant linear
combination that vanishes at zy. Consequently, k < 3.

To attain this bound, for z = (a, b, ¢, d) define
wi(z) = (=b,a,—d, c),
CU2(Z) = (_Cv dv a, —b),
ws(z) = (—=d, —c¢, b, a).


https://icmathscomp.org/files/2018-2019/Individual_Round_One_20181124.pdf

723

Direct calculation gives (w;(2),z) = 0 for j = 1,2, 3, together with

(w1(2),w2(2)) = bc+ ad — ad — bc = 0,
(w1(2),ws(2)) = bd — ac — bd + ac = 0,
(wa(2),ws(2)) =cd — cd+ ab—ab = 0.

z
z

Moreover, |w;(2)||? = ||z||? for each j. Therefore, for all real constants A1, A, As,
Ve () + Aawa(2) + Asws (2)|I* = (A + A3 + A3z

This expression is positive whenever z # 0 and the coefficients are not all zero, proving that k& = 3
is attained.

124. For a continuously differentiable function f : [0,1] — R with f(1/2) = 0, show that

(AV@M@2<iAINmFm.

(Imperial Mathematics Competition 2018/19, Round One, Problem 5)

Solution 1 by Michel Bataille, Rouen, France. Let I = 01/2(]”(36))2 dx and I, =
1
S @) d.

1/2 2 1/2 1/2
(f(1)* = (f(t) — f(1/2))* = ( t f’(u)dU> < (/t lsz> </t (f/(u))zdu>

(by the Cauchy-Schwarz inequality) and therefore

ror<(3-0)

Amwmfﬁsmzm(;%>ﬁ:§. M)

Similarly, for % <t <1, we have

2 ! / i _1
U@)§<1mfmmo <(t-3)n

/I;Q(f(t))zdtgll /1;2 <t;) dt:%. (2)

From (1) and (2) we now deduce that

It follows that

hence

/O (f()*dt < Iogll = é/o (f' ()% dz.

Using the Cauchy-Schwarz inequality again, we obtain

</01f(x)da:>2 < (/01 12dt> (/Ol(f(t))2dt> —/Ol(f(t))th

and consequently

2

([ @) <i [ era

which is better than the required inequality.


https://icmathscomp.org/files/2018-2019/Individual_Round_One_20181124.pdf
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Solution 2 by Paolo Perfetti, Department of Mathematics, University of Rome
Tor Vergata, Rome, Italy. We prove the stronger inequality with the sharp constant 1/12.
Integration by parts, using f(1/2) = 0, gives

1/2
f

(x)dz + 1 f(z)dx
0 1/2

I::/0 f(z)dx =
1/2 1/2
- [xf(x)]o/ —/0 zf'(z)dz

+le=0f@] s~ [ @) ds

1/2
Put
1/2 1
_ ! 2 o / 2
A‘A (' () de, B—AJf@)m
Since

2 1 ) 1
xdaj:/ (x —1)%dx = —,
/o 1/2 24

the Cauchy—Schwarz inequality yields

1/2 1/2 1 1/2
1| < </0/ x2dx> VA + </1/2(x—1)2dx> VB

< (VA+VB).
24

Using (VA +VB)? < 2(A + B), we obtain

([ o) s 2452

IN

Solution 3 by Henry Ricardo, Westchester Area Math Circle, New York, USA. We
improve the upper bound by reducing the constant to 1/12.

For z € [0, 1], we can write

1 x 1
- d '(t)d — ) () dt.
f@) = [ i+ [+ [e-nroa
Setting x = 1/2 gives us

1 1/2 1
—/0 F(t) dt :/0 () dt + /1/2(t—1)f(t)dt.
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Squaring and then applying the Quadratic Mean (QM) and C-B-S inequalities successively, we
see that

(/Olf(:c)dx>2 _ (/Ol/ztf’(t)dt + /1;2(t—1)f'(t)dt>2
Qéw 2[(/01/2tf’(t)dt>2+ </1;2(t—1)f’(t)dt>2]
2 2[/01/2t2dt-/01/2(f’(t))2dt+/1;2(1—t)th-/I:Q(f’(t))Zdt]
=ﬂ§£%w%ﬂ=é4WWWﬁ

Editorial remark on sharpness. The constant 1/12 in the preceding solution is optimal even in
the class of continuously differentiable functions, although a nonzero extremizer in that class does
not exist. Indeed, the condition f(1/2) = 0 gives

1 1
-z 0<z<1/2
z)dxr = k(z)f'(z) dz, k(z) = ’ - ’
| t@ia= [ ko () {1_% ey
Since fol k(z)? dx = 1/12, Cauchy—Schwarz proves the estimate with that constant. For optimality,
choose continuous functions k. converging to k in L?(0, 1), and let f. be a continuously differentiable
antiderivative of k. normalized by f-(1/2) = 0. Then
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MATHNOTES SECTION

Functional extensions of a cyclic radical inequality

VALMIR KRASNIQI

Abstract. We give a complete solution to Junior Problem 80, proposed by Valmir Krasniqi
and recorded as open in Volume 7, Issue 1 of MathProblems. We then study sums of
positive ratios under a multiplicative constraint. A classical Holder allocation inequality,
with an exact minimum, reduces these inequalities to a comparison of scalar means. We
use this reduction to construct a family associated with any positive function that is convex
in the logarithmic variable, and determine the exact admissible range of its denominator
parameter. An explicit polynomial certificate then establishes a sharp cubic radical inequality
for arbitrary positive denominator allocations with a prescribed total budget. This inequality
is extended through convex numerator transformations, concave denominator transformations,
and balanced matrix redistributions. Power and nonpower examples are given, together with
sharp constants and equality conditions. A local expansion and an explicit rational allocation
show failure throughout 0 < 6 < 2/9 for the unrestricted cubic exponent problem.

2020 Mathematics Subject Classification. Primary 26D15; Secondary 26D07, 26A51.
Keywords. Holder inequality, Jensen inequality, product constraint, positive functions, sharp

constants, cyclic inequalities.

The starting point is Junior Problem 80, proposed by Valmir Krasniqi and recorded in MathProb-
lems, Volume 7, Issue 1, p. 698 [1]. The editorial comment in that issue listed the problem as
open. It asks us to prove that, for x,y,z > 0 with zyz = 1,

z®+3 3+3 2243
5 + 5 Y + 5 > 3. (1)
4+ y+ 2z y* 4+ 2z + 2z z¢+x+ 2y
Corollary 12 below gives a complete proof of this problem and shows that equality holds precisely
at x =y = z = 1. The constant 3 is therefore best possible.

Many cyclic inequalities contain denominators whose individual terms are difficult to compare,
although their sum has a simple symmetric form. Here the sum of the denominators in (1) is
22+ y? + 22 + 3(z + y + 2). We extend the published problem to the following cyclic family. If
z,y,2>0,zyz=1,and 0 < a < 3, then

a4+ 3 °+3 2 +3
2 T\ 2 : T 2 = 3. (2)
2+ ay+ (3—a)z Y +az+ (3—a)x 2Z2+ax+ (3—a)y

The constant is attained precisely at x = y = z = 1. The sum of the denominators in (2)
is independent of a. This observation suggests treating the total denominator budget before
addressing its distribution among the three terms.

The allocation inequality used below is a classical consequence of Holder’s inequality. Hoélder,
Jensen, AM-GM, and Schur are established tools in the theory of inequalities; see [2, 3]. Supporting
lines and convexity arguments are treated systematically in [4, Chapter 3]. We include complete
proofs of the reduction and its consequences to make the equality conditions and the roles of the
hypotheses explicit.

The paper develops two routes to functional extensions. The first applies to an arbitrary number
of variables and uses a positive function that is convex in the logarithmic variable. A logarithmic
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correction in the denominator disappears after summation under the product constraint, leading
to an exactly determined parameter interval. The second starts from a specific ternary cubic
estimate, proved by an explicit rational minorant and a nonnegative polynomial decomposition. It
yields the original cyclic inequality, unrestricted denominator allocations, and nonlinear changes
of both numerator and denominator.

Throughout, positive functions take finite values in (0,00). In the weighted statements, w; > 0
and Y ", w; = 1. The weighted product condition means

n n
H zt =1, equivalently Z w;lnx; = 0. (3)
i=1 i=1

Lemma 1. Let 0 >0, ¢ =0/(1+6), and A;,d; > 0. Put B =", w;d;. Then

o (A S (S widl)™
> wi (d) T (4)
i=1 '

For fixred A; and B > 0, the right-hand side is the exact minimum over positive d; with weighted
sum B. The unique minimizing allocation is

BA!
25 widj

Proof. Set R; = (A;/d;)?. Holder’s inequality with conjugate exponents 1 + 6 and (1 + 6)/6 gives

1/(1+6)
szAq = ZwlRl/(1+0)d6/(1+0) < <Z szz> BQ/(1+9)

Raising both sides to 1 + 6 proves (4). Because every weight and every term is positive, equality
in Holder holds exactly when R; = cd; for one constant ¢ > 0. Equivalently, d; is proportional
to AY. The budget condition determines the proportionality constant uniquely and gives (5).
Substitution verifies that this allocation attains the bound. For equal weights, the same inequality
has the particularly useful unweighted form

AN L (o, At
._1(di) = e, d)’ (6)

d; = (5)

?

O

Proposition 2. Let f,g: (0,00) = (0,00) and fix a positive tuple (z1,...,zy,). The inequality

£ (f) =

i

holds for every positive allocation satisfying y , wid; <> . w;g(x;) if and only if

1/q
(Z wif(xi)q> > Z w;g(w;). (7)

Proof. The minimum in Lemma 1 decreases as the permitted budget increases. Its smallest value
under the stated constraint is therefore attained at B = ), w;g(x;). That value is at least 1
precisely when (7) holds. O

Proposition 2 reduces the allocation problem to a scalar comparison. The next section supplies a
checkable class of functions for which that comparison follows from a supporting line.
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Remark 3. Suppose a matrix M = (M;;) has nonnegative entries, each row sums to 1, and

ZwiMij = wj (1 < ] < n)

Then d; = > ;M g(x;) is positive and preserves the weighted denominator budget:

Zwidi = Z <Z wz’Mij> 9(x;) = ijg(xj).

J

For equal weights, these conditions say that M is doubly stochastic.

Consequently, an allocation inequality valid for every positive allocation under this budget also
holds for these matrix-mixed denominators. If, in addition, f(1) = g(1) = 1 and the allocation
inequality has lower bound 1, then the resulting matrix-mixed inequality is sharp. Indeed, at

r1 =---=x, = 1, the row-sum condition gives d; = --- = d,, = 1, and hence

() -Zuen

A A

Theorem 4. Letn > 2,60 >0, and
- 1446

0
Let h: (0,00) — (0,00) satisfy h(1) =1, and suppose

> 1.

J(s) = h(e®)
is conver on R. Choose a supporting slope m at 0, so that
h(t) > 1+ mlnt (t>0).

For a > 0, define

ft) =h(t)", ga(t) =1+ a(h(t) — 1 —mlnt).

If 0 < a <, every tuple satisfying (3) and every positive allocation with

Z wid; < Z wiga(2;)

0
) =1

satisfy

S (M5

(10)

Equality holds if and only if Y, wih(z;) = 1 and d; = h(z;) for every i. If J is strictly convex,
these conditions are equivalent to all x; =1 and all d; = 1. Under this strict convexity hypothesis,
the interval 0 < a < r is the exact admissible interval among a > 0 for the unrestricted allocation

class.

Proof. A finite convex function on R has a supporting line at every point, so the choice of m is

possible. Equation (8) also shows that g,(t) > 1, hence all the functions in (9) are positive.

Put T'= 3", w;h(x;). Jensen’s inequality and (3) give

Tzz:wiJ(lnxi) >J <Zwllnxl> =1.
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The logarithmic term in (9) disappears after weighted summation, giving
Zwiga(mi) =1+a(T-1).

For T'> 1 and 0 < a < r, the supporting line to T+ T" at 1 yields
14a(T-1)<14+r(T-1)<T". (11)

Since rq = 1, Lemma 1 now gives

N
Zw‘ h(z;) < T1+6 - T1+6 :1
— '\ d; “[M+a(T-1) = 170

Because r > 1, the second inequality in (11) is strict whenever T' > 1. Equality therefore requires
T = 1. The permitted budget is then at most 1, and equality in Lemma 1 requires budget 1 and
d; = h(x;) for every i. Conversely, these conditions give equality by direct substitution. If .J is
strictly convex, strict Jensen shows that T' =1 forces all In z; to coincide. The product constraint
then gives z; = 1 and consequently d; = 1 for every .

Finally, suppose a > r. Strict convexity and continuity provide nonunit product-constrained
tuples with T' > 1 arbitrarily close to 1. For example, use Inx; = s, Inxy = —wys/ws, and all
other logarithms zero, then let s — 0. For such a tuple choose

14 a(T — 1)]h(x;)
T .

d; =

This is the optimizing allocation and has the required total budget. Moreover,

T —1
lim

=r<a.
Ti1 T —1

Hence T" < 1+ a(T — 1) for all sufficiently small positive T — 1, and the corresponding value in
(10) is less than 1. Thus every a > r fails for some admissible tuple and allocation. O

Corollary 5. Under the hypotheses of Theorem 4, let positive functions f,ﬁ satisfy

FO = h@)", gt <gut),  F)=g(1)=1.
For 0 < a <1 and positive allocations with Y, wid; <>, wig(x;), one has

S (22) 21

. (3
(2

If J is strictly convez, equality again holds exactly at x; = d; = 1 for all i.

Proof. The permitted budget is no larger than that in Theorem 4, and each numerator is no
smaller. Strictness off the unit tuple follows from that theorem; at the unit tuple the normalization
gives the stated equality case. O

Remark 6. Convexity of s — h(e®) means convexity in the logarithmic variable. It is different
from the conventional condition that In A is convex. The sharpness of a < r concerns all positive
allocations under the budget constraint; it does not assert necessity for every fixed matrix in
Remark 3.
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Example 7. Each of the following choices satisfies the strict convexity hypotheses:

h(t) =17, m =3, ga(t) =1+ a(t’ —1—plnt), B#0;
h(t) = cosh(B1nt), m =0, ga(t) =1+a(cosh(BInt) — 1), B> 0;
h(t) =1+ (Int)?, m =0, ga(t) =14 a(lnt)?

In every case, use f = h” and 0 < a < r. The first family follows from strict convexity of the
exponential, the second from strict convexity of the hyperbolic cosine, and the third from strict
convexity of a quadratic. Their displayed denominator functions are positive by their respective
supporting-line inequalities. For equal weights and 6 = 1/2, the resulting sharp inequality is

\/@Z)S>n, ’Llf[lfﬂl:l; Z:dzgz:ga(ml)7 OSGSS

For h(t) = t# with 8 > 0, the numerator tends to zero as t | 0, while g,(t) > 1. Thus this family
is not obtained from a pointwise comparison of numerator and denominator.

n
1=

1

For the remainder of the paper, x,y,z > 0 and zyz = 1. Define
F:Z\S/x3+3, G=2>+1?+22+3@x+y+2). (12)
cyc

AM-GM gives G > 12. We prove the symmetric estimate that will supply the scalar condition in
Proposition 2.

Lemma 8. Fort >0, let
1983 + 32 4176+ 25

ho(t) = 3212 + 1)

Vi3 +3 > Vih(t), (13)

Then

with equality if and only if t = 1.
Proof. Put mg(t) = 19¢3 + 3t + 17t + 25. Direct expansion gives the exact identity

32312 + 1)3(t% + 3) — 4my(t)®
= 4(t — 1)*(1333t> + 2083t* + 5986t> + 8438t> + 3929t + 8951).

The polynomial in parentheses is positive for ¢ > 0. Division by the positive denominator and
taking cube roots prove (13) and its equality condition. O

The minorant has a simple local motivation. With s =t — 1, both hg(t) and ((t> + 3)/4)'/3 have
the expansion
s 352 88
1+ 5425 5 ot
it 16 e O

Thus the rational function matches the value and the first three derivatives of the normalized
cubic root at the equality point. This local matching motivates the choice, while the displayed
factorization proves the required global direction.
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Lemma 9. Let H = ho(x) + ho(y) + ho(z). Then
4H? > 9G, (14)
with equality if and only if t =y =2z=1.
Proof. Set p=x+y+ 2z, p= 2y +yz + zz, and
D=(p-1"+(p—-1)7=1+2")1+y")(1+2%) > 0.

The identity follows by expanding the product and using zyz = 1. In these variables, G =
p? — 2p + 3p. Putting the three rational terms over a common denominator gives

N
H= 2D N = 19p® 4+ 19pp? + 15p* — 40pp + 31p* — 26p — 108p + 90.

All values of hq are positive, so H > 0.
For b= (2p+ 3)/3 > 0, the identity

H3 — % —3v*(H —b) = (H — b)*(H +2b) >0

gives

K
4H? —9G > D’ K =3b>N — (64b® 4 72G)D. (15)

Putu=p—3,v=p—3,and S = p> +9 — 4pp. AM-GM gives u,v > 0, and Schur’s inequality
gives S > 0. An exact expansion is

K =935 + 9u + 327(u — v)* + 2u? + 330?
+1200(u — v)? + Yuv? + 24v® + R(u,v), (16)

where 5
u

27
Every term on the right of (16) is nonnegative. Therefore K > 9u > 0, and (15) proves (14). If
p > 3, then v > 0 and the inequality is strict. If p = 3, equality in AM-GM forces x =y = z = 1.
At this triple, H = 3 and G = 12, which verifies equality. O

52
R(u,v) = - (172u® + 1948u + 1720* + 616v + 6092) + §u2v2. (17)

Theorem 10. For the quantities in (12),
F?>9G. (18)
Equality holds precisely at © = y = z = 1. More quantitatively, with D, K as in Lemma 9,

K
F329G+8—D, K>9(x+y+z-—23). (19)

Proof. Lemma 8 gives F' > v/AH, hence F® > 4H?. Apply (15) and (16). The equality condition
follows from Lemma 9, and direct substitution verifies the converse. O
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Theorem 11. Ifd,,dy,d. > 0 satisfy d, +d, +d, < G, then

23 +3 3+ 3 2243
> 3. 2
\/dw +\/ o\ =3 (20)

Equality holds if and only if x =y =2 =1 and d, = dy, = d, = 4. In particular, the lower bound
3 is best possible for this allocation class.

Proof. Use Lemma 1 with equal weights and 6 = 1/2, or its unweighted version, to obtain
2

3 3 3
©+3) _ F Py
2 dq do+dy+d, ~ G

cyc

Equality requires equality in Theorem 10, hence the unit tuple. There the numerator values are all
4. The minimizing allocation in Lemma 1, together with the full budget 12, gives d, = d, =d, = 4.
These values do attain equality. O

Corollary 12. Let z,y,z > 0 and xyz = 1. Then the inequality stated in Junior Problem 80 of
MathProblems, Volume 7, Issue 1 (2024), p. 698 [1], holds:

3 +3 N 3 +3 N 224+ 3 -
22 +y+22 Y2+ 2+ 2x 24r+2y T

The constant 3 is best possible, with equality if and only if t =y =2z = 1.

Proof. Set
dy = 22 +y + 22, dy:y2+z+2x, d,=2>+2+ 2.

These denominators are positive and satisfy
dp+dy+d, =2 +y* + 22 +3(x+y+2)=G.
Let L denote the sum of the three radicals in the statement. By the Holder allocation inequality

of Lemma 1,

L2>F73—F—3>9
T dytdy+d. G 7

where the last inequality is Theorem 10. Thus L > 3. Equality in the last inequality forces
x =y =z = 1. At this tuple, every denominator is 4 and every radical equals 1, so equality does
hold. This proves the published problem and its exact equality case. O

The following cyclic family extends Problem 80, which is its case a = 1.
Corollary 13. Inequality (2) holds for every a € [0, 3], with equality precisely at the unit tuple.
Proof. Take d, = 2% + ay + (3 — a)z and cyclically define dy,d,. They are positive, including at

both endpoints of the parameter interval, and their sum equals G. Theorem 11 applies. At the
unit tuple every denominator is 4, so its equality condition gives the assertion. O
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Corollary 14. Let P,(Q be nonnegative 3 X 3 matrices whose columns each sum to 1. Writing
(xla Z2, .’Eg) = (.’E, Y, Z); deﬁne

3 3
d; = ZPUZE? + 3ZQijIj.
j=1 j=1

Assume that no row of the block matriz (P | Q) is identically zero (equivalently, every d; is
positive). Then (20) holds with these denominators. For fized P,Q, equality holds if and only if
the tuple is the unit tuple and

Y P;+3) Q=4 (i=123).
J J

In particular, every pair of doubly stochastic matrices gives a sharp inequality with equality at the
unit tuple.

Proof. The column sums give ). d; = G. The conclusion and its equality condition follow from
Theorem 11. O

Corollary 15. FEvery allocation in Theorem 11 satisfies

23+ 3 \/ K \/ T+y+z-—3
>3 14— >3 /14 2T
2\ =3 e 23 sna

cyc

Proof. Combine the first inequality in the proof of Theorem 11 with (19), and then use K >
Yz +y+2z—3). O

We next replace the cubic numerator and the separate denominator components by general
functions. The hypotheses below are aggregate conditions obtained from convexity and concavity;
pointwise comparison with the original terms is not required.

Theorem 16. Define

3 1/3
n(t) = (t I3> ; I= ((3/4)1/3,00).

Let @ : I — (0,00) be convex, with ®(1) =1 and ®(s) > s for s > 1. Let U,V : (0,00) — (0, 00)
be concave, with

ul)=v(Q1) =1, U(s)<s, V(s)<s (s >1).

For 0 < a <3, put
5. =U(z?) +aV(y) + B—a)V(2)

and define §,,0, cyclically. For every § > 1/2,
49 3¢
Z ((77(53))> > 3. (21)
[
cyc
Equality holds if and only if t =y = z = 1, so the constant 3 is best possible.

Proof. By Theorem 10 and G > 12, the mean A = % chc n(z) is at least 1. Convexity gives

D d(n(z) > 38(A) >34 = ().

cyc cyc
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AM-GM gives % S2%>1and %Z x > 1. Concavity and the hypotheses above 1 therefore imply
2,2 .2
Su <3 (TS ) sty
cyc

and, similarly, > V(z) < 2+ y + z. Consequently,

cyc
0z +6y+0. <G.
Set Ry = 1/4®(n(x))3/d,, with cyclic definitions. Lemma 1 yields

4(Y e @(n(2)))”
0p 4 0y + 0.

F3
(Ry + Ry + R,)* > > 29

For s = 20 > 1, convexity of ¢ — t° gives

ZR;ES(W) > 3.

cyc

Off the unit tuple, the strict cubic scalar estimate makes the lower bound strict. At the unit tuple,
normalization gives §, = 6, = J, = 4 and all ratios equal to 1. O

Example 17. Choose ®(s) = s?, U(s) = s, and V(s) = s, where
p>1, 0<u,v<1.

These functions meet every hypothesis of Theorem 16. Thus, for § > 1/2,

Z( 4 (2% + 3)/4)" )Za (22

po 2 4+ ay? + (3 — a)z?

The original inequality is the case p = u = v =1 and § = 1/2. The displayed parameter ranges are
sufficient; no optimality of all these ranges is asserted. For p > 1 and ¢ < 1, the new numerator
4((t* + 3)/4)P is smaller than t3 + 3. For 0 < u < 1 and 0 < s < 1, one has s* > s. Thus the
result allows changes in directions that are not favorable term by term.

Example 18. For ¢ > 1 and b > 0, take

In(1 + bs)

O(s) = exp(c(s — 1)), U(s)=V(s) = T+

The first function is positive and convex, and exp(c(s — 1)) > 1+¢(s—1) > s for s > 1. The other
functions are positive and concave on (0,00), and are normalized at 1. Their derivative there is
AC) P —

(1 +b)In(1+0b)
because In(1 4+ b) > b/(1 + b). Their supporting tangent at 1 therefore gives U(s) = V(s) < s for
s > 1. Substitution in (21) supplies a nonpower functional inequality, with equality precisely at
the unit tuple.

The exponent restriction in Theorem 16 is sufficient. The following local calculation and explicit
allocation concern the different problem in which the original cubic numerator is retained and
every positive allocation with total budget G is permitted.
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Proposition 19. For each 0 < 6 < 2/9, there exist x,y, z > 0 with xyz = 1 and positive d,, d, d,

with sum G such that )
Z (ES + 3 <3
7 .

cyc x

For every 0 > 1/2, the reverse inequality with lower bound 3 holds for all allocations with sum at
most G.

Proof. The last assertion follows from Theorem 11 and the power mean inequality. For the
obstruction, put ¢ = 6/(1 + 6) and use the product-constrained path

x = e, y=z=e¢e °.

Let A(s) = (2% + 3)7 + (v + 3)9 + (23 + 3)9. By Lemma 1, the exact unweighted minimum over
allocations with sum G(s) is
A(S)1+9

G(s)?

attained at d; = G(s)(x? + 3)7/A(s). Taylor expansion at s = 0 gives

LQ(S) =

A(s) - 99(qg+3) 5, 99(¢* +99+6) 1
30 1t ot 64 s"+0(s%),
G(S) 7, 11 3 4

— 14 iy = .
12 +4s +128 + 0(s%)

Taking logarithms and substituting ¢ = 6/(1 + 6) yields

Lo(s) 6(80—1) , 60(25662 + 2150 — 14) , 4
h = = %ar0° T 1marez  ° o) (23)

For 0 < 0 < 1/8, the quadratic coeflicient is negative, giving Ly(s) < 3 for sufficiently small
nonzero s. At 0 = 1/8, the quadratic coefficient vanishes and the cubic coefficient is 5/576. Taking
sufficiently small negative s again gives Lg(s) < 3. The optimizing denominators are positive, so
these are admissible counterexamples.

We can extend the failure interval using a fully explicit allocation. Take

1 560
x:y:§, z=0, dy = d, = 24, dz:T.
These values satisfy zyz = 1 and
992 9 9 g
dz+dy—|—dz:7:x +y +22+3x+y+2) =G

For 0y = 2/9, the sum on the left of the proposed inequality is

, 41 2/9+ 1647\ 2/°
324 140 '

By raising the following rational inequalities to the ninth power, one verifies

AN 19 164717
324 125’ 140 100°
Therefore the sum is smaller than

79 173 1497

125 7100~ 500 =%
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Finally, if 0 < 6 < 6y, put v = 6/6y € (0,1) and w; = ((x3 + 3)/d;)% for this same allocation.

Concavity of t +— t" gives
3 3 r
> up <3t (Z u> <3.
i=1

i=1

Thus the explicit counterexample works for every 0 < 6 < 2/9. O

Remark 20. The allocations in Proposition 19 are unrestricted positive allocations with total
budget G; they are not required to have the structured cyclic form in (2). They therefore do
not establish failure for that cyclic family. The exact exponent threshold for the unrestricted
cubic allocation problem is not determined here. Numerical observations communicated by
Mohammed Aassila suggest a possible transition near 6, ~ 0.227397, with a candidate contact
configuration (z,y, z) ~ (0.3611,0.3611,7.6681). This is numerical evidence only, not a proof of a
global threshold. In particular, it does not change the sufficient range 6 > 1/2 for the general
functional statements. Sharpness of a lower-bound constant, such as 3, must be distinguished
from optimality of an exponent interval or a functional hypothesis.

Acknowledgments. The author warmly thanks Mohammed Aassila (Académie de Strasbourg,
France) for his careful reading of the manuscript, his valuable corrections and suggestions, and
his generous assistance in improving the mathematical arguments and their presentation. In
particular, his explicit counterexample at § = 2/9 and his numerical observations motivated the
strengthened obstruction in Proposition 19 and the discussion in Remark 20.
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JUNIOR PROBLEMS

Solutions to the problems in this issue should arrive before
December 26, 2026

Proposals

86. Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam. Without using a
calculator, evaluate the following expression:

_ cos8 160° + cos 80° + cos 40°
"~ cos80°  cos40°  cos160°°

87. Proposed by Mihaly Bencze, Brasov, Romania, and Neculai Stanciu, Buzdau, Romania. Let
n >3 and ax >0 for k =1,2,...,n. With indices understood modulo n, prove that

5 > .

n 2
Qi1 + Qg2 LU + ajy2 LU + ajq1 6n
Z a a? a? -
7 1+1 1+2 Z a
k
k=1

i=1

88. Proposed by Neculai Stanciu, “George Emil Palade” School, Buzdu, Romania. Solve for real
numbers the following equation:

2 2
9 x° —br+38 ¢ —5x + 8

—br—2vx—2+4+T7+1 —— +1 _— =
* * * + ©82 o 20T —2

0.
Ne=s)

89. Proposed by Valmir Krasniqi, Institute of Science, Technology, Engineering and Mathematics,
Prishtina, Republic of Kosova. Let QT denote the positive rational numbers, and let N =
{1,2,3,...}. Find all functions f: Q" — N such that

ged (f(x +y), f(fi’y)) — f@)f ()

for all z,y € Q™.

90. Proposed by Valmir Krasniqi, Institute of Science, Technology, Engineering and Mathematics,
Prishtina, Republic of Kosova. Find all functions f : (0,00) — (0, 00) such that, for every z > 0,

f(%)l):mz”“v %QSfmgml.
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No problem is ever permanently closed. We will be very pleased to consider
publishing new solutions or comments on previous problems.

Solutions

For the solution of Junior Problem 80, see the MathNotes section, p. 726.

81. Proposed by Mihaly Bencze, Brasov, Romania and Neculai Stanciu, Buzdu, Romania. Let
z,y and z be positive real numbers. Show that

2 8x 1
2y S e eE S

X
cyc cyc Yy C

Solution 1 by Michel Bataille, Rouen, France. From the weighted arithmetic mean-
geometric mean inequality, we have

3 2 3
S syst 22t 2 (1)) = gz

8z €T 112
T2 737 < 32 = 2g; and therefore

8x x 1
Zgy2+2yz+322 Sziz‘xfyzzx2’

z
cyc cyc Y cyc

hence

which proves the right inequality.
To show the left inequality, we can suppose = +y + z = 1 (due to homogeneity). The inequality

then rewrites as
l—2z 1—y 11—z~ 3y? + 2yz + 322"

cyc

From the convexity of ¢ — + on (0, 00), we deduce that

p 3y2 + 2yz + 322 T 3wy? + 2xyz + 3122 + 3y22 + 2xyz + 3y + 3222 + 22yz + 3212
4

T 6p+3S
where p = zyz and S = Y (2y? + ya?). Setting m = 2y + yz + zx, we have

cyc
1 1 1 m—+1

+ + = and S=(zy+yz+zz)(zr+y+2z)—3xyz =m — 3p,
l—-2z 1-y 1—2z m-—p

so it suffices to show that

m+1S 4 . (1)
m—p~ 3m—3p
Now we have
m = (wy +yz + z0)(x +y +2) = 3Y/a7P2 - 3YayE = 9p,
hence m —p > 0 and
l=(z+y+2)2=2>+9y>+22+2m > 3m,

hence m + 1 < § and (1) holds.
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Solution 2 by Paolo Perfetti, Department of Mathematics, University of Rome Tor
Vergata, Rome, Italy. For the right inequality, 3y + 322 > 6yz, so

8z 8z 1 9
™ < o i
Z 3y? + 2yz + 322 Z 8yz  wyz §m

cyc cyc

For the left inequality, the assertion rewrites as

8z 2
> =D Dt
3xy? + 2xyz + 3x22 SLrty

cyc

The Cauchy—-Schwarz inequality yields

Z 82 < 8(x +y + 2)?
po 3xy? + 2wyz + 3222 T 3(22y + 2y? + y22 + y22 + 223 + 222) + 6wyz
Hence it suffices to prove that
2
8(z+y+2) S Z 2 .
3(x?y + 2y? + y?2z + y22 + 22x + 222) 4 6zyz — “ Tty

Putting the two sides over a common denominator reduces this to

2x2+y2+22—xy—mz—yz
3 (+a)y+2)(z+y)

This is evidently true, since the denominator is positive and

(x—9)?+@y—2)72+(z—2)%) > 0.

1
T e C

Solution 3 by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania.
Denote
r+y+z=p, TY + Yz + zx = q, TYz =T

Using the Cauchy—Schwarz inequality, we have

S e = s
3y2 + 2yz + 322 2(3y? + 2yz + 322)

cyc cyc
2
L 8 (Zae) (1)
T3 e rylT +y) + bayz

_ %
"~ 3pg—3r’
Therefore, it suffices to prove that
8p° 2 _20?+q)
5 2 | @)
3pq — 3r r+y pg—r

cyc

We have pg > 9r, so pg —r > 0. Consequently, (2) is equivalent to

2

p*
3pg—3r ~ pg—1’
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or to (p? — 3q)(pg — r) > 0. This holds because

P’ =3¢=s((x—y)’+ Wy —2)°+(z—2)%) >0.

N | =

For the right inequality, note that
3y? +2yz + 322 — 8yz =3(y — 2)? > 0.

Thus 8 8 1
T x 9

cyc cyc

Also solved by Henry Ricardo, Westchester Area Math Circle, New York, USA.
Also solved by the proposers.

82. Proposed by George-Florin Serban, National Pedagogical College “D.P.Perpessiciu”, Braila,
Romania. Find all prime numbers p and ¢ such that p? + ¢® — 7pq = 2023.

Solution 1 by Titu Zvonaru, Comanesti, Romania. By symmetry, assume p < ¢. Since
2¢% > p® + ¢ = 2023 + Tpg > 2023,
we have ¢ > 10 and therefore ¢ > 11. The arithmetic—geometric mean inequality gives

2023 + 11° = p® + ¢* + 11° — Tpq
>3- 1lpq — Tpq = 26pg.

Hence
2023 + 1331
Q< ——————

=129.
26 )

It follows that p < V129 < 12, so
pe{2,3,57,11}.
In each case, the equation becomes ¢(q? — 7p) = 2023 — p>.
e If p=2, then ¢(¢> — 14) = 5- 13- 31. Since ¢ is prime and ¢ > 11, we have ¢ € {13,31}.
Only g = 13 satisfies the equation.
o If p =3, then ¢(¢? — 21) = 22 -499. The only prime divisor at least 11 is 499, which is
excluded by pg < 129.
o If p=>5, then g(¢?> — 35) = 2-13-73. The bound pq < 129 leaves only ¢ = 13, which does
not satisfy the equation.
o If p=17, then q(¢®> —49) = 2*.3.5-7. There is no prime divisor ¢ > 11.
o If p=11, then q(q?> —77) = 22-173. The only prime divisor at least 11 is 173, again excluded
by pg < 129.

Restoring symmetry, the complete set of solutions is

(p,q) = (2,13), (p,q) = (13,2).
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Solution 2 by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania.

Editorial note. The candidate check below has been completed for positive primes, excluding the
negative and nonprime pairs in the submitted list.

Let p+ ¢ = s and pg = u. The equation becomes
5% — 3us — Tu = 2023,

which is equivalent to

B 53 — 2023
3s+7
Since wu is an integer, 27w is an integer, and polynomial division gives

73 4272023
o7y = 957 — 215+ 49 — 2L 2023

3s+7
4-7-13-151
05> 215 449 — 2T 13 101

3s+7

Hence 3s + 7 divides 4 - 7-13 - 151.

Because p and ¢ are positive primes, u > 0, so s% > 2023 and s > 13. Also u = pq < s2/4. Tt

follows that ; . 2 7
2023:83—(38+7)uzs3—(H4 o _: (54_ ).

If s > 23, the last expression is at least

232(23 — 7)

. = 2116 > 2023,

a contradiction. Thus 13 < s < 22, and consequently
46 < 3s+ 7 < 73.

The only divisor of 4 - 7-13 - 151 in this interval is 52. Indeed, the factor 151 is too large, and the
divisors of 4 -7 - 13 = 364 are

1,2,4,7,13, 14,26, 28, 52,91, 182, 364.
Therefore 3s + 7 = 52, so s = 15 and

15% — 2023
52

U= 26.

The numbers p, ¢ are the roots of
X? - 15X +26 = (X —2)(X —13) =0.

Both 2 and 13 are prime, and

2% +13% —7-2-13 = 2023.
Hence the solutions are (p,q) = (2,13) and (13,2).
Also solved by the proposer.
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83. Proposed by Fiton Hoxha, Technical University of Munich, Germany. A permutation of the
numbers 1,2,...,n is given. In each step, if the first element of the permutation is k # 1, we
form a new permutation by moving k to the k-th position. We say that the process terminates if
eventually the first element becomes 1.

(a) Show that no matter what initial permutation we start with, the process will always terminate.
(b) Find the maximal number of steps that the process could take before terminating.

Ezxample: For n = 6, the process could look like this:

361245 — 613245 — 132456.

Solution by Daniel Vacaru, Pitesti, Romania.

Editorial note. The submitted termination argument is incomplete, and the claimed maximum n
is incorrect. The editors supply the following corrected argument.

A move with first entry k& > 1 replaces
(k,l‘g, vy Tl Tl e - vy 'rn)

by
(:EZa R 7$k7]{7,$k+17 LR 7$n)-
In particular, it places k in position k. The case n = 1 is immediate, so assume n > 2.

(a) Consider any finite initial segment of the process, and let M}, be the number of moves that
place the value k, for 2 < k < n. After a move places k in position k, a move of a value smaller
than k leaves that position unchanged. Thus, between two successive moves of k, there must be
at least one move of a value larger than k. The intervening intervals are disjoint, so

My <1+ > M;.
j=k+1

In particular, M,, < 1. Descending induction now gives
M, <2"7F, 2<k<n,

because

n
14+ ) ond=2nh,
J=k+1

Therefore every such finite initial segment has at most

zn:Mk < zn:ank _ 27171 -1
k=2 k=2

moves. The process must consequently terminate, and termination occurs when its first entry is 1.

(b) The bound is attained by
™ =(2,3,...,n,1).

We prove inductively that this initial permutation reaches (1,2,...,n) in exactly T,, = 2"~ —1
moves. For n = 1, take m; = (1) and 77 = 0. Suppose the assertion is true for n — 1. During
the first stage for m,, the last entry 1 is unchanged. The first n — 1 entries evolve exactly as the
process for m,_1 with its value 1 replaced by n, until n reaches the first position. By induction,
this takes T,,_1 moves and gives

(n,2,3,...,n—1,1).
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The next move places n last and leaves
(2,3,...,n—1,1,n).
Its first m» — 1 entries are now 7, _1, so a further 7,,_; moves give the identity permutation. Hence
T, =2T, 1 +1=2""1-1.
Together with part (a), this proves that the maximal number of moves is 2"~ — 1.

Also solved by the proposer.

84. Proposed by Dren Neziri, University of Primorska, Slovenia. Let ABCD be a trapezoid
with AB || CD and let O be the intersection of its diagonals. Let X and Y be points on the
circumcircles of triangles OAB and OC D, respectively, with the following properties: (i) we have
OX = OY, (ii) the points X and O lie on opposite sides with respect to AB, and (iii) the points Y’
and O lie on opposite sides with respect to C'D. Prove that YC > X A if and only if XB > Y D.
Solution by the editors. Put
,_CD_0C_0D
~ AB OA OB ’
where the equalities follow from AB || C'D and the similarity of triangles OAB and OC'D. Since
X and O lie on opposite sides of AB, the cyclic order of the first quadrilateral is O, A, X, B.
Likewise, the cyclic order of the second is O, C,Y, D. Ptolemy’s theorem therefore gives
AB-OX =0A-XB+0OB-XA,
and
CD-0OY =0C-YD+OD-YC.
Dividing the second equality by k and using OX = OY, we obtain
OA-XB+0OB-XA=0A-YD+OB-YC.
Consequently,
OA(XB-YD)=0B(YC - XA).
Since OA and OB are positive, the two differences have the same sign, proving

YC>XA << XB>YD.

Also solved by the proposer.

85. Proposed by George-Florin Serban, National Pedagogical College “D.P.Perpessiciu”, Braila,
Romania. Prove that the equation 22021 4 2922 = 22023 hag infinitely many solutions in positive
integers.

Solution by Michel Bataille, Rouen, France. More generally, we show that, for any positive
integer k, the equation 22#~1 4 ¢y = 22k+1 has infinitely many solutions in positive integers.

Let n be any positive integer and let
an = 2k* +2kn(2k + 1), b, = k(2k — 1) +n(4k®> — 1), ¢, = 2k* — 2k + 1+ 2kn(2k — 1).
Then, the infinitely many triples (2%, 2% 2¢*) (n € N) are solutions for (x,v, z). Indeed, we have
(Qan)%q + (an)Qk — 92k?*(2k—1)  92kn(4k?-1) + 92k?(2k—1) | 92kn(4k?—1)
—9. 22k2(2k—1) . 221m(4k2—1)

_ 22k2(2k71)+1 . 22kn(4k271) _ (20n)2k+1.

Also solved by the proposer.
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