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PROBLEMS AND SOLUTIONS

Proposals and solutions must be legible and should appear on separate sheets, each
indicating the name of the sender. It would be preferred to submit your proposals
and solutions as TeX files. Drawings must be suitable for reproduction. Propos-
als should be accompanied by solutions. An asterisk (*) indicates that neither the
proposer nor the editors have supplied a solution. The editors encourage undergrad-
uate and pre-college students to submit solutions. Teachers can help by assisting
their students in submitting solutions. Student solutions should include the grade
and school name. Solutions will be evaluated for publication by a committee of
professors according to a combination of criteria. Questions concerning proposals
and/or solutions can be sent by e-mail to: mathproblems-ks@hotmail.com.

Solutions to the problems in this issue should arrive before
May 30, 2024

Problems

166. Proposed by Mohsen Soltanifar, University of Toronto, Canada.
Let X and Y be two continuous real valued random variables with strictly monotone
cumulative distribution functions Fx, Fy, respectively.

(i) Given a € [0,1], find functions g, h : R — R such that
Jim Fxy(g(t), h(?)) = a.
(ii) How many functions g, h satisfy the condition in part (i)?

167. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. Calculate

i<;ni1+rz—lr2> (7112 (n—il)2+(n—i2)2 >

n=1
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168. Proposed by Paolo Perfetti, Department of Mathematics, University Tor Ver-
gata, Rome, Italy. Evaluate

/72r cos(2z)(1 — lncosz) de
0

22+ (1 —Incosx)?

169. Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania.
Let a, b, c,d, e be real numbers such that a > b > ¢ > d > e > 0. Prove that

<ab—|—bc+cd+de+ea>1/2 o <abc+bcd+cde+dea+eab)l/3
5 - 5 '

170. Proposed by Stanescu Florin, Serban Cioculescu School, Gaesti, Romania.
Let f :[0,1] — R be a three-times continuously differentiable function such that
f(0) = f'(0) = f(1) and | f®)(t)| <1 for all t € [0,1]. Prove

P T 1/2
(i) |f(z)] < (1-2) (/0 f(t)|)dt) for all z € [0,1];

/3 t1—t
— 2z ® V2 a1 -2
(ii) If/(z)] < ! \/32 (/0 t(|{(i)t) dt> + % for all € [0,1/2];

(iii) 9/01 (@>2dx§/01(1—x)2ugcx)|dx.

171. Proposed by Michel Bataille, Rouen, France. Find all real numbers p, «, ¢

with £ # 0 such that
n _ k
lim n%p" <2n 2k> (5m) =/
T—00 =0 n — ]{} k'

172. Proposed by Besfort Shala, University of Bristol, United Kingdom. Let A, B
and X be complex n X n matrices such that
X+ AXB=AX+ XB.

k(X
Prove that either A or B has 1 as an eigenvalue with multiplicity at least rank( )
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No problem is ever permanently closed. We will be very pleased to consider
publishing new solutions or comments on previous problems.

Solutions

159. Proposed by Mohsen Soltanifar, University of Toronto, Canada.

Let n > 1 and consider discrete uniform probability distribution on the

set S, = {1,2,...,n} and for given 0 < p < 1, N(p,n) be the number of events of
Sy, with probability p. Define a function f: (0,1) - RU {—o0} via:

f(p) = limsup (M)

n— 00 n
Compute the maximum value of the function f. (Corrected version)

Solution by Moti Levy, Rehovot, Israel. We have
(p’;) = W’_p)n), if pn is a nonnegative integer,
N (p,n) =
0 otherwise.

It follows that the limit lim,,_ o <W

log, (N (p,n)
n

) does not exist if p is a rational num-

ber. Moreover, we have lim,, = —oo if p is an irrational number.

Therefore, we rephrase the problem as follows:

f@ﬁmwc%MWM)

n—00 n

The asymptotic formula for In (n!) is well known to be
In(n!)=n(Inn)—1)+ 0 (In(n)).

Therefore

In ((;1)) =In(n!) —In((pn)!) —In(((1 — p)n)!)

=n(ln(n) —1) —pn(ln(pn) = 1) = (1 = p)n(In ((1 —p)n) = 1) + O (In(n))
=—((1=p)In(L —p)+pln(p)) + O (In(n)),

<log2 (N (p, n)) _ _1n1(2) (1=p)ln(1—p)+pln(p),

f (p) = limsup

n—00 n
df 1
— = — (In(1—p) -1
dp ln2(n( p) = Inp),
f d (ﬁ (In(1—p)— lnp)) 1
e J _ n I <0 for O<p<l1.
dp? dp p(In2)(1—p) ~ P

The maximum occurs at p = % and the maximum value is 1.

Also solved by the proposer.
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160. Proposed by Paolo Perfetti, Department of Mathematics, University Tor Ver-
gata, Rome, Italiy. Evaluate

/oo e—x(l _ 6—2;8)(1 _ e—4x)(1 _ e—Gx)dx
0 z(1 + e~ 147) '

Solution by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria. Let the considered integral be denoted by I.
Clearly we have

I /oo (em _ e—m)(€2z _ e—2z)(e3;ﬂ _ 6—31) e
o z(e™ + e~ ) ’

But we also have
(ez _ e—z)(e2z _ 6—21)(6395 _ 6—31) — e6z _ e—6x _ (6417 _ 6—41) _ (6295 _ 6—21).

Hence
oo 6x _ ,—6x oo dr _ —4x o0 2z _ 2z
o x(e T 4 z) 0 w(e” +e 7x) 0 m(e’?w +e 7ZE)
6 4 2
(3)-r(:)-7(5) ©

where , .
© cat _ -«

F = —dt.
@= | e

Now, for 0 < a < 1 we have

o at —at e e} at
F’(a):/ ﬁdt:/ L
0

et +et oo € et
1 00 e(a+1)u/2
L[,
2 )_ e*+1

The change of variables v = 1/(1 + ") shows that

1
1 l1+a 1—« 1 1+« 11—«
F/ _ 1— (a—1)/2 —(a+1)/2d =-RB =T T
() /0 (1=v) Y Y73 2 "2 2 2 2

and using the reflection formula I'(2)I'(1 — z) = 7/ sin(nwz) we conclude that

Fla)= 2sin (3(1-a))  2cos(ra/2)’

Thus, since F'(0) = 0, we get by integration
1—
F(a) = —1In tan <7r(4a)> ,

Using this in (x) we obtain

s 3 T
I=1In (cot <%) tan (28) tan (28)) ,

which is the required result. A

Also solved by Albert Stadler, Switzerland; Moti Levy, Rehovot, Israel;
Michel Bataille, Rouen, France and the proposer.
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161. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. Find all integer 2 X 2 matrices satisfying the equation

a b\? (20 2
c d) —\2¢ 2¢)"

Solution 1 by Thammadol Tansrivorarat, University of Bristol, United

Kingdom. Since
a b\? (20 2t
c d) —\2¢ 2¢)°

it is clear that a > 0,6 > 0,¢ > 0,d > 0.

Note that
a b\’ a?+bc bla+d) 20 b

<c d) B (c(a+d) d? +bc) - (20 2d) (1)-
Since b(a +d) and c(a + d) are powers of 2, so are b and ¢. Then be is a power of 2.
Let bc = 2% for some non-negative integer x. By (1), we must have a? + 2% = 29,
or a® = 2% — 2%,
Claim: It is impossible to have x < a — 1.
Proof. Assume that © < a — 1. Then, a? = 2%(2%7% — 1), where 272 — 1 = —1
(mod 4). This is impossible as ged(2%,27% — 1) = 1 implies that 27* — 1 is a
square of some integer. But this cannot be true since a square must be congruent
to 0 or 1 modulo 4.
From the above claim, we have t = a — 1 or z = a.
Case 1: z = a. In this case, bc = 2% or a = 0. Then bc = 1 or equivalently, b = 1
and ¢ = 1. Hence,

GGG et)=6 )

Hence, we have d = 2. But this is false since 5 = d? + 1 # 2¢ = 4.

Case 2: © = a—1. In this case, we have be = 2% 1 and a2 = 2%"!. Asa® =21, ¢a
can only be a power of 2, say a = 2%. So, 22* =22""1 —= 2u=2%—-1 = u=0.
So, we have a = 1. As bc = 2* — 1, bc = 1 which means b = 1 and ¢ = 1. Then,

1 1\ /1 1 2 2
G20 -G 2) = e

If d > 1, then d?> = 2¢ — 1 =3 (mod 4), which leads to a contradiction.

06 e 9
SDIGHE ]

satisfying the problem’s equation.

a contradiction.
If d =1, then

After checking all cases, the only solution is <} i) A
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Solution 2 by the Eagle Problem Solvers, Georgia Southern University,

Statesboro, GA and Savannah, GA. The only solution is (CCL Z) = (1 1)

From the given equation we have a? + bc = 2%, (a + d)b = 2°, (a + d)c = 2¢, and
be + d? = 2%, Since the left sides of these equations are integers, each of a,b, ¢, and
d must be nonnegative. From the second and third equations, both b and ¢ must be
nonzero, and hence powers of 2. From the determinants of the matrices in the given
equation, 2274 —2"+¢ = (ad—bc)? > 0, so that a+d > b-+c. From the first and fourth
equations, we see that 2¢ —a? = bc = 2¢ —d?. Consider the function f(z) = 2% —x2;
then f(a) = f(d) = be. Since f'(z) =27 -In2—2x > £ - (2° —4x) > 0 for x > 4,
then f(z) is increasing for > 4. Thus, if a # d, then either {a,d} = {2,4} and
bc =0, or {a,d} = {0,1} and bc = 1. The former case is impossible since b and ¢
are nonzero. In the latter case, (a,b,c,d) = (0,1,1,1) or (1,1,1,0), so that either

(-0 -6 26262
(0 (o) =G )6 D)= =)

both of which contradict the given matrix equation. Therefore, we must have a = d.
From the second and third equations, we know that % = 2a = 2—: Consider
g(z) = %, then g(b) = g(c) = 2a. Since ¢'(z) = i—; (zIn2—-1) > 0 for z > 15,
then g(x) is increasing for x > 2. That means that either b = ¢ or {b,c} = {1,2}
and @ = 1. In the latter case, that would mean a® + bc = 1 +2 = 3 # 2 = 29,
contradicting the first equation. Therefore, we must have b = ¢ and a = d.

Since a+d > b+ ¢, then a > b > 1. Since 2ab = 2°, then @ and b must both be
powers of 2. Setting a = 2 and b = 27, where i and j are nonnegative integers with
1 > j, we see from the first equation that

(12 + b2 _ 22i + 22,] — 22J (22(173) + 1) = 929

or

If 4 > j, then 2 has an o_dd divisor larger than 1, which is impossible, so a = b.
Thus, 2a? = 2%, so that 2%°T! = 2% and @ = 2i + 1 is odd. Since the only odd power
of two is 1, then we must have a =b=c=d = 1. So,

11\ (2 2\ (2t 2!
1 1) —\2 2/ \2t 2t)~
a b 1 1). . . . .
and c = is the only solution to the given matrix equation. A

d 1 1

Also solved by Albert Stadler, Switzerland; Michel Bataille, Rouen,
France and the proposer.
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162. Proposed by D.M. Batinetu-Giurgiu, “Matei Basarab” National College, Buch-
arest, Romania, and Neculai Stanciu, “George Emil Palade” Secondary School and
“Dr. C. Angelescu High School”, Buzdu, Romania. Let a be a positive real number.
Compute

lim
Tr—r 00

<(x + a)sin % *HI(x+2) —zsin 1 vI(z+ 1)) .
r+a x

Solution by Moti Levy, Rehovot, Israel. Stirling’s asymptotic formula for

In (T (z +1)) is

After division of both sides of by z and exponentiating, we get an asymptotic

1

formula of (T (z + 1)) =, namely

(1)

1
+—+

In(T(x+1)=aln(z) —z+ %ln (27x) 55

1oz In (27z) In? ()
r 1) =—1(1 — . 2
Ce+t =2 (1428 o (] @
An asymptotic formula for Sin&l‘) is
sin (%) 1 1
By and we have,
sin (T—}-a) 1 1 1 z4+1 z4+1ln2r(x+1)) In? (z)
-1 (F(1‘+2))T+1: 1—2+O<4> < + +O<
= 6 (x+a) x e e 2(x+1) x

(4)

Similarly, we have

sin (1)

1
T

8=

- (1 = 69152) (i+§m(22;m)> +0 (mig(x)) (5)

By subtracting from we get,

C(z+1))"

Mz (f ) ety = 22 0y 1yt
T+a x
z4+1 z+1ln2r(x+1)) x  xln(27x)
:<1‘6(x1+a>2>< ) (e (e

(-sr) (5222225552 o (22

oo™

? (2)
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Taking the limit of @ gives

sin (=L s (1
lim (1+> (F (1~+2))wi1 _ Slnl(x) (F (1._’_ 1))9#1
xTr—r 00 _— =
x+a xT

=, (1_ 6(x1—a)2> (le + m:“n(;?x(ﬁ)l))> - (1_ 6:12) (i*ilnf?))

g (B2 iln@r(@4l)  1ln(mr)
€ e e 2 e 2

. 1 1 1 1
=lm (-+=—In({1+ - —_—
T—oo \ e 2e x e

Also solved by the proposer.

163. Proposed by Valmir Krasnigi, Institute of Science, Technology, Engineering
and Mathematics, Republic of Kosova. In each square of an 8 x 8 grid, there is a
lamp. We say that two lamps on the grid are neighbors if they share a vertex or an
edge. Initially, some lamps are lit. Every minute, each lamp that has at least three
lit neighboring lamps will also light up. What is the smallest number of lamps that
need to be lit initially to ensure that after some time all the lamps will be lit?

Solution by Fiton Hoxha, Technical University of Munich, Germany.
The answer is 21. We shall show this by first examining some smaller grids. If a
configuration of lit lamps does not transition to a fully lit grid then we shall say
that it is incomplete, otherwise we will say that it is complete.

Claim 1. An incomplete configuration of a 4 x 4 (or larger) grid has at most 4 lit
lamps in any 2 x 4 subgrid.

Proof. If we had 5 lit lamps, then one half of the grid would have at least 3 lit
lamps, which completes to 4 after one minute. Because we also have lit lamps on
the other half, this would lead to a complete configuration. ([

After careful examination, we see that in incomplete configurations the only possible
2 x 4 subgrids with 4 lit lamps up to symmetry are these:

1.1 1.2 1.3
Claim 2. An incomplete configuration in a 4 X 4 grid has at most 6 lit lamps.

Proof. Assume that there is an incomplete configuration with 7 lit lamps. Consider
the upper and lower 2 x 4 grids inside the 4 x 4 grid. One of these, say the upper
one, must have at least 4 lit lamps. By Claim 1 it must have exactly 4 lit lamps.
So it’s one of 1.1, 1.2 or 1.3.

If it is 1.1, then we may have at most one lit lamp on the lower half:
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If it is 1.2, then we can not have any lit lamps on the lower half. And finally, if it
is 1.3 then we may have at most two lit lamps on the lower half:

In any case, the number of lit lamps is at most 6. (]

After also considering the cases in which both 2 x 4 halves have three lit lamps, we
conclude that the only incomplete configurations with 6 lit lamps on a 4 x 4 grid
up to reflection and rotation are these:

2.1 2.2

Now we move on to the 8 x 8 case. Assume that there exists an incomplete 8 x 8
grid with 21 lit lamps. Consider the four 4 x 4 grids inside this 8 x 8 grid. One of
them must have at least 6 lit lamps. Assume w.l.o.g that it’s the upper right one.
By Claim 2, it has exactly 6 lit lamps and it is one of 2.1 or 2.2 (or their reflections
or rotations). Notice that in all of these cases, on any two neighbouring sides of
the 4 x 4 square we have three lit lamps on one of them and two lit lamps on the
other. Assume w.l.o.g that we have three lit lamps on the lower side of the upper
right 4 x 4 grid. Noticing also that in all of these configurations the four corner
lamps are lit, we represent the current state with the following diagram:
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The two dots imply that exactly one of those squares has a lit lamp. Because of the
three lamps on the lower side, we can not have any lit lamps inside the red shaded
area. By Claim 1, the lower right 4 x 4 grid can have at most 4 lit lamps.

Since we have at most 10 lit lamps on the right side of the 8 x 8 grid, then we
must have at least 11 lit lamps on the left side, so one of the 4 x 4 grids has 6 lit
lamps. If that is the upper left 4 x 4 grid, then it must have three lit lamps on the
lower side, since having three lit lamps on the right side would lead to a complete
configuration. But if it has three lit lamps on the lower side then the lower left 4 x 4
grid has at most 4 lit lamps as we saw before, leading to a maximal number of 20 lit
lamps. So the only option left is that the lower left 4 x 4 grid has 6 lit lamps, with
three of those on the right side for similar reasons. We have the following diagram:

Clearly we can not have any lit lamps in the red shaded area in the upper left 4 x 4
grid. We must have 5 lit lamps in the remaining squares. Consider the two marked
2 x 2 grids:
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We see that these 2 x 2 grids can have at most 1 lit lamp. This leaves 3 lit lamps
for the corner 2 x 2 grid, but this is clearly not possible.

We conclude that it is not possible to have an incomplete configuration with 21
lit lamps on the 8 x 8 grid, i.e., all configurations with 21 lit lamps are complete.
Indeed 21 is the smallest number for which this holds since we have the following
incomplete configurations with 20 lit lamps, among many others:

‘

Also solved by the proposer. One incorrect solution was received.
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164. Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania
and Leonard Giugiuc, Romania. Let n > 3 be an integer and let aq,as,...,a, be

non-negative real numbers such that >, %ﬂ >n—1land } o o, aia; > 0.
Prove
n 2
n 2n° —4dn+1
(n—2) Z a; + > :
p 22 i<icj<n Gily n—1

When is equality attained?

Solution by Moti Levy, Rehovot, Israel.

Recall the Arithmetic Mean Theorem, which may be found in the book “Mathe-
matical Inequalities, Volume 5” by Vasile Cirtoaje: Let F': A — R be a symmetric
continuous function on A C R" satisfying

a1 +a a1 +a
F(al,ag,...,an)2F(Tn,a2,..., 5 n)
for all ay,as,...,a, € A such that a1 > a9 > ... > a, or a1 < as < ... < ay,.

Then, for all (a1, as,...,a,) € A, the following inequality holds:
F(ay,az,...,an) > F(A A, ... A)

where
A— ar+ax+...+ay
- .
Let A := {(a1,a9,...,a,) : a1,a9,...,a, > 0}. Without loss of generality, assume
that a1 > a2 > ... > a,.
Let
" n
F(ai,as,...,a,) = (n—2) a; + . (7)
; 22?=1§i<j§n a;a;
We have
n
F a1+an’a27.”7a1+an :(n—?)zaﬂr n
2 =1 n ai1+a 2
2 | Xl 1<i<jzn aia; + (2522)
(4,5)#(L,n)

(8)

By the AM-GM inequality we have

n a1 +a 2 n
§ 1 n
B . a;Q; + ( 9 ) . E - ;. (9)
(1,5),1<i<j<n i=1<i<j<n
(i) Z(1m)

It follows from and @D that

Y

F(al,ag,...,an)zp(wa “1"‘%)

2 3 U2y -0 vy 2
Then by the Arithmetic Mean Theorem we obtain

n

n
2 Zi:1§i<j§n aia;

Flay,ag,...,an) = (n—2) ) a;+ > F(AA,...,A) = (n—2)nA+
=1
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Let g(A) := F(A, A, ..., A). The function g (A) is strictly decreasing on the interval

0, ﬁ} since

dg 2
- = -2 0 f > 3. 11
74 A3(n—1)+n(n ) <0 forn > (11)
Now )
1 2n“ —4n+1
o) - (12)
hence it follows from (11) and (12)) that
2n% —4n+ 1
g(A)y> L 0<ca< . (13)
n—1 n—1

The constraint y .-, %ﬂ > n— 1 implies that the harmonic mean of (a; + 1), is
3

less than "+, that is, we have

n n
n T = 1
Ei:l a;+1 n 1

By the super-additivity of the harmonic mean function, we have

1 1 1
> + . (14)
1= 1 1
P D DA D DA »
Hence
LN i >__" 1
= T = 1 )
n—1" Y 0 Yt
that is,

1 N n )
- n 1
n—17"3%.", o
Since harmonic mean is less than or equal the arithmetic mean, we have from ((13))

and that

= H. (15)

2n? —dn +1 1
Q(A)waor 0<H<AL .
n—1 n—1

We conclude that
n 5 g A ) X
(n—Z)ZaH— = " > n n+ R
i=1 2 Zi:1§i<j§n aia; n—1 n—1
Equality is attained when a; = as -+ = a, = 1. R

Also solved by the proposer.

165. Proposed by Besfort Shala, University of Bristol, Bristol, United Kingdom.
Let n be a positive integer. Suppose that there exists a simple graph G with n
vertices and precisely [n?/3] edges that can be drawn in the plane with less than
12(n/12)* unordered pairs of edges that intersect at a point other than the vertices
of the graph. Find all possible values of n.

Solution by the proposer. For a simple graph G with v vertices and e edges,
let ¢(G) be the minimum number of edge crossings needed to draw G on the plane.
Removing ¢(G) edges from G and any isolated vertices that may remain, we obtain
a planar graph H with e — C(G) edges and v' < v vertices. By Euler’s theorem for
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planar graphs, we have v' — (e — ¢(G)) + f' = 2, where f’ is the number of faces of
H (including the unbounded face). Combining this with the standard facts that in
a planar graph each edge separates at most two faces and any face is bounded by
at least three edges, we have 3f' < 2(e — ¢(G)). Therefore

6 — 30 + (e — ¢(@)) = 3f <2(e—c(Q))
which gives ¢(G) > e — 3v' + 6 > e — 3v 4 6 since v < v. Now, taking v =
n,e = [n?/3] we get 12(n/12)* > ¢(G) > [n?/3] — 3n + 6 which can only hold for
3<n<6andn>18.
Let us first show that 3 < n < 6 are possible. Note that in this range we have
12(n/12)* < 1, so all of our graphs must be planar.

n=3 e=[32/31=3 /.\

n=4 e=1[42/3]1=6 @/Z(.

n=5 e=[5?/3]=9 .A.
)

M

n==6 e=/[62/3] =12 o

Next we rule out n > 18 using an idea of Székely to bootstrap the inequality
¢(G) > e — 3v + 6 via a probabilistic method. More precisely, let K be a random
induced subgraph of G where each vertex is included independently with probability
p (a parameter to be optimized later). Letting V, E and C be the random number of
vertices, edges and minimum number of crossings of K, respectively, we claim that
EV = pv,EE = p?’FE and EC = p*c(G). The first two expectations are obvious,
whereas the last one follows from the fact that each edge crossing in G (that may
not be trivially resolved) involves 4 vertices that we would have to include in K.
Now for each such random induced subgraph K we have C > E—3V +6 > E—3V,
thus p*c(G) > p?e — 3pv after taking expectations. Optimizing the choice of p in
terms of v and e gives p = 4v/e (note that 4v < e certainly holds for our graph G
and n > 18). This gives ¢(G) > €3/(43v?) > n/123 = 12(n/12)%, as desired. A
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MATHCONTEST SECTION

This section of the Journal offers readers an opportunity to solve interesting and
elegant mathematical problems that have appeared in Math Contests around the
world and that are most appropriate for undergraduate Math Olympiad training.
Proposals are always welcome. The source of the proposals will appear when the
solutions are published.

Proposals

115. Find the minimum value of 2sinz 4 3siny — cos(z — y).

116. Calculate )
nl(1+L)" ™"
i R
n—00 n”+§
117. Let f be a nonnegative and non increasing function on [0, +00) and let g be a

function defined on [0, +-00) such that 0 < g(z) < 2023 with [," g(z) dz = 6069.
Prove that

+o0 3
/ f(@)g(z)dz < 2023/ f(z)dx.
0 0

118. Let a € R* and b € R. Find all differentiable functions f : R — R such that
f(z)=af' (-z)+b, VzeR.

119. Let n > 1 and A, B € M, (C) such that f(z) = e*ABe™*4 is bounded for all
z € C. Compute

C=AB—-BA and D= A’B+ BA2.
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Solutions

110. Let n be a positive integer and let A be a real nxn matrix such that 42023 = T,
where I is the n X n identity matrix. Suppose there exists a real number A such
that (A — AI)? = 0. Prove that A = I.

(Kosovo IMC TST 2023)

Solution by Albert Stadler, Switzerland. By the binomial theorem, we have

2023
I = A% — (A—[41)20% — Z <2023

Jj=0

)(A_I)]12023—] :2023 I+2023<A_I>2022,

where we have taken into account that (A — AI)7 = 0 for all 5 > 2. We solve the
above equation for A and find that

A=cl

for some real number c. The equation (A — AI)? = (cI — AI)? = 0 then implies
that ¢ = \. We conclude that I = 42023 = (¢])2923 = ¢2023] and 2923 = 1, so that
A=c=1land A=1. A

Also solved by Michel Bataille, Rouen, France.

111. Show that the sequence z,, = sin(n) is divergent.
(Kosovo IMC TST 2021)

Solution by Omran Kouba, Higher Institute for Applied Sciences and

Technology Damascus, Syria. Suppose that lim z,, = £. Then lim cos?n =

n—oo n—oo
1 —¢. But cos(2n) = 2cos?n — 1, so taking the limit as n tends to +oo, we get

lim cos(2n) = 1 — 2¢ £ L. Taking the limit as n tends to +oo in the equality
n—oo

cos(2n + 2) + cos(2n — 2) = 2 cos(2n) cos 2,
we see that (1 — cos2)L =0, hence L =0, and ¢ = 1/2. Tt follows that
1
— = lim sin®?(2n) =1 — lim cos?(2n) =1-0=1
n—oo n—r00
which is absurd. Thus the sequence (z,), is divergent. A

Also solved by Michel Bataille, Rouen, France; Eagle Problem Solvers,
Georgia Southern University, Statesboro, GA and Savannah, GA.

112. Let f: R — R be a continuous function such that for any zero xzq of f, there
exists n € N and a continuous function g : R — R such that g(xo) # 0 and

f(z) = (z — 20)"g(x)
for all z € R.

(a) Prove that f has a finite number of zeros in the interval [—M, M] for any
M > 0.

(b) Give an example of such a function with infinitely many zeros.

(¢) Is it possible for f to have uncountably many zeros?

(Kosovo IMC TST 2022)
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Solution by Besfort Shala, University of Bristol, United Kingdom. Sup-
pose f has infinitely many zeros in [—M, M|. By compactness, we get a convergent
subsequence of distinct zeros of f, which converges to a zero zg of f by continuity
of f. Now f(x) = (x — x0)"g(z) for some n and continuous g with g(z() # 0. But
g is non-zero in a neighborhood of xg by continuity and (x — )™ # 0 for © # xq,
contradicting that there is a sequence of distinct zeros of f converging to xg.

An example of such a function with infinitely many zeros is f(z) = sinz. Indeed,
for any zero km of f, one has f(x) = (z — km)g(x) where g(z) = f(z)/(z — kn) for
r # kr and lim, ., f(2)/(x — k7) = (—=1)* # 0 (so we set g(kn) = (—1)¥, making
g continuous and non-zero at k).

Such f cannot have uncountably many zeros, since for any M € N it has a finite
number of zeros, so it has at most countably many zeros in R = (J,cn[—M, M|
(as a countable union of finite sets is countable). A

113. Let k be a positive integer and let ¢ : N — R be the multiplicative function
defined by o (p®) = p'®~V*(p* — 1) on prime powers. Find all real 3 such that the
limit

- tpkl(l) + <Pk2(2) 4t 90115")
n— 00 nb
exists and is finite. What is the value of the limit in each case?

(Kosovo IMC TST 2022)

Solution by Albert Stadler, Switzerland. Clearly, 1 < ¢p(p®) < p**. By
multiplicativity, 1 < px(n) < n* for all natural numbers n.

So the Dirichlet series
n
Gl(s) =Y (p];(s )
n=1

converges absolutely for Re(s) > k + 1.
We next express (j(s) in terms of the Riemann zeta function ((s) and find

=TT (1422 20 )

p? p

k k_l 2k k_]_
H<1+p(§s+k )+p 151293% )+...)
_ -1 P N\ _ 1-p—*\ _<¢(s—k)
_E[(H v 1p’”>_1;[<1p’”>_ C(s)

We deduce from

n=1 n=1 n=1
that ()
w(d
er(n) = n" 7
d|n
Hence
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[u]
B d<N
_ 1 k k-1
7I<;(k+1)N + O(1) + O (max (N*',log N)) ,

taking into account that

1 1
Z dk+1 =0 <Nk>’

d>N
> L =0l ),
d<N
1
Zﬁ:()(l)’ k> 1.
d<N

We conclude that the limit exists for all § > k and equals

(1) 2 (2) (n) _
lim‘»@kf_F‘PkT_F..._Fﬁka: ﬁ7 B_k
n—oo nB

0, B>k
A

114. (a) Find a constant ¢ > 0 satisfying the following property: there exists
A > 1 such that for all integers n > A and all configurations of n points inside a

Vi’

(b) Find a constant d > 0 satisfying the following property: there exists B > 1
such that for all integers n > B, there exists a configuration of n points
inside a unit square such that all mutual distances between pairs of points

unit square, there are two points at distance at most

\/ﬁ.
(K()S()\/O IMC ISI 2()23)

Solution by Besfort Shala, University of Bristol, United Kingdom. For
n > 2, and for any configuration of n points inside the unit square, let § be the
minimum distance between two points of the configuration. The n discs of radius
0/2 which are centred at the points of the configuration do not overlap, and they
are all included in a square of side 1+ d. Comparing the areas, we deduce that

nm(6/2)? < (14 6)2.
Since the maximal possible distance between points in a unit square is v/2, we have

nm(8/2)% < (1+v2)? =3 +2V2 <6,

5< /2.
nm

which implies
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This solves the first part of the problem, for ¢ = /24/7. The constant can be
improved as follows: from the bound on § proven above, we deduce

nm(5/2)? < (1 + \/§>

which is smaller than ¢//n for n sufficiently large, as soon as ¢ > 2/4/7.
On the other hand, for all n > 2, we can consider a square k X k grid for k =
[v/n], with [y/n]? — n points removed. If the grid is chosen as the set of points
(a/(k+1),b/(k+1)) (a,b € {1,...,k}) of the unit square [0, 1]?, the all mutual
distances between the points are larger than or equal to

1 1 1

1 v+l vtz

which is larger than d/\/n for n sufficiently large, as soon as d > 1. A

and then
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Recurrence for Euler polynomials originating from
Multiple Zeta Values theory

Moti Levy

December 3, 2023

ABSTRACT. A recurrence formula for Euler polynomials of odd degree is proved.
The recurrence was conjectured by Marian Gencev in his article concerning
multilpe zeta values.

1. INTRODUCTION

Multiple zeta values (MZVs) are generalization of the single zeta values ¢ (s). The
multiple zeta values are defined by

1
C(stymvsk)i= Y T

n
ny>->np>1 0 L k

for positive integers si, ..., s with s; > 1. This notation is extended to alternating
multiple zeta values by putting bar over those exponents with an associated sign
in the numerator. For example

_1\n1tn3
¢(3,5,1) = Z %

ninsn
ni>nz>nz>1 170213

Linear combinations of MZVs may sometimes be expressed by the ordinary value
zeta function and standard functions.

Surprisingly, in the following two examples, the coefficients are related to Euler
polynomials.

Example from [I]:

The sum can be expressed as a rational polynomial in the ordinary zeta values
¢(i), i>2.

ZEQ\_%J+1(O)C(J>171)7 (16)
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where E,, (x) are the Euler polynomials.
The Euler polynomials are defined by the exponential generating function

Qeact 0 tn
—_ = FE —.
et +1 ng() n (@) n!

Example from [2]:

Let us adopt the notation s, , and oy, , according to Nielsen and define
Spp i =C(n+1,1...,1) onp=(1¢(n+1,1...,1). (17)
—— ——
p—1 p—1
In contrast to oy, ,, the closed form of s,, ;, is known for all admissible integers n, p,
see [3].
Kolbig [3] corrected Nielsen and gave us this equation:

_53 ntp—q-1 +§i nt+p—q-1 a18)
Sn,p = p—1 Oq,n+p—q n—1 Ogn+p—q-
q=1 q=1

Equation can be regarded linear system of equations with o4 n4p—q as the
unknowns.
As an example, for n + p = 5, one finds two equations,

1 4
I+4—q-1 1+4—q—1
S1,4 = Z ( 4-1 )UQ71+4_Q + Z < 1—-1 )Ul]71+4_q

g=1 q=1
=2014+023+032+041. (19)
2 /2+3—¢q—1 S /2+3-—¢q—1
52,3 = Z ( 3_1 >Jq72+3q + Z < 9_1 >0q72+3q
qg=1 qg=1
= 6014 + 3023 + 032, (20)
or in matrix notation,
01,4
2 1 1 1 0'273 _ 5174
|: 6 3 1 0 :| 732 - l: 52,3 :| ) (21)
04,1
2 1 1 1 1 L o -1
: 2 1
The reduced row echelon form of { 6 3 1 0 ] is [ 00 1 % . Gencev

observed that the last column constitutes the coefficients of Euler polynomial
Es3(z) =2 — 32 + %, with opposite signs.

Gencev formulated a recurrence formula for the reduced row echelon form and
stated the following conjecture:

Conjecture: Let the sequence (145_,71):;1 be defined by the following recursion,

s—1 . .
—2 — 1 -1\ 2m—1
As,m"‘ZAiJn(m—i_s Z)Tnl_<m+3 )m 0, s=1,...

m—s m-+s—2i 2 m—s m+371:

i=1
(22)
then (—As,m);n:1 are the coefficients of the Euler polynomial of degree 2m — 1, i.e.,

2m—1 2m—2 2m—4 2m—6 2m—2j
Eom-1a) =7 —Ai —Ag —As — Ay mx T = Ay B
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2. PROOF OF GENCEV’S CONJECTURE

It is known that Euler’s polynomial can be expressed by the Bernoulli’s numbers
B; (See short letter by Cheon []),

9 n+1 ) +1 »
E, (z) = — > (1-2) (” . )Bix”“ ‘ (23)
i=1

For example, let n = 3,

1

Fs(z) = 3 ((1 —-2) (?) Biz® + (1-2%) (2> Byx® + (1—2%) (j B4)

s(0-2() (-5) =+ -2 ()5 + -2 (3) (-5))

Setn:melintoget ,
2m

Fom1 () = — 3 (1-2Y) (27,”) Biz?m—i (24)

mia
Our aim is to show that the coefficients of the Euler polynomial of degree 2m — 1
satisfy the recurrence defined in , that is, if

A = — [2*™7%] Eypp1 (z) (25)

then the recurrence is satisfied for s = 1,...,m, m > 1. We argue that
once we prove this, then any sequence of numbers which satisfy the recurrence
s=1,...,m, m > 1 must be equal to the Euler polynomial coefficients, since
may be viewed as linear system of equations with non singular matrix, i.e.,
with a single solution.

Before delving into the proof details, we give an outline of the proof:

1) Express the Euler polynomial coefficients by Bernoulli’s mumblers.

2) Plugging this expression into the LHS of the recurrence (22)).

3) Simplification of the LHS and showing that it is equal to the terms with even
indexes of the convolution of two sequences.

4) Finding the generating functions of these two sequences.

5) The generating function of the LHS is the product of the generating functions
of these two sequences.

6) Showing that the even coefficients of generating function of the LHS are equal
to zero, which implies that the LHS is indeed zero.

Step 1)
It follows from that

1 /2m 25
Agm = m(?s) (2 1) B, (26)

Step 2)
Now we plug-in into the LHS of the recurrence and get an expression
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involving the Bernoulli’s numbers

s—1 . .
1 /2m 1 2m\ fm+s— 21 m—1 . 1/m+s—1
— 225 _ 1) Bog+— — (2% —1) By;=
m<25>( ) 2+m;<2i)( m-—s )m+52i( ) 22( m-—s

(27)
Step 3)
Simplification of gives the recurrence

LG /2m\ (m+s—20\ m—i 0 1/m+s—1\ 2m—1
Ly~ (2 Ty moi e qyp, - am oL
m 29 25 — 24 m-+s— 2 2 m—S m+s—1
and further simplification gives

2s

1 2 —k\ 2m—k

Pl G G P dC R

m k m—3s m+s—k

k=1
which is equivalent to

2s

(m +s—k— 1)' k Bk
2 —1) — 28
;(mekfl)!@sfk)!( )k! (28)
Let m’ :=m — s. Then can be rewritten as
2s (m’ —1+ (25— k))' By

D G T s & D (29)

k=0
Let
(m' -1+ n)!

T om 1) ()
n o Ba

We observe that is convolution of the sequences (an),~¢ s (0n),>0

n
Cp 1= E Qp— b
k=0

Step 4)
Let A(z), B (z) be the generating function of the sequences (an),>q, (bn),>o re-
spectively.

> (m/ —1—|—n>!

AG =2 T (30)
B(z)=)Y (2"-1) %. (31)
n=0 ’

The following lemma explains how to express a binomial sum as a hypergeometric
function [5]:

)

2m —1

m-+s—1
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Lemma : Let (ay),>, satisfies the following conditions:

g = 1,
Qg1 1 (k+a)

Qg 7k+1(k+c)z

Then
Zak =1F1(a,b;¢; 2),
k=0

where 1F1(a, b; ¢; z) is the confluent hypergeometric function.l
Applying the lemma on the binomial sum gives the generating function of

(a’n)nZO ’

(m/ — 1)! , ,
A (Z) = mlFl (m ,2m ;Z) . (32)
It is known that the exponential generating function of the Bernoulli’s numbers is

nl” T er—1"

n=0

It follows that the generating function of (by,),,> is

1 er—1"

> " 2z z
B(Z):anz = e2z _
n=0

Step 5)
The generating function of C (z) is the product of A(z) and B (z) :

C(z):=A(2)B(z) = H1F1 (m/72m/7z) (62321 - ezi 1) .

Step 6)
The even coefficients of C (z) are expressed by the sum in (29).

The confluent hypergeometric 1F1<m,, 2m’,z) can be expressed by the confluent

hypergeometric limit function 0F1<m/ + %, 2m/, %) , (see Kummer’s transforma-

tion in [6])

F(Z) 5oy (4 L om 2
m m ;2 ) =€ m -, zm ,— | .
11 B 5 o1 2’ 716

m —1)! 2
o= U (o Lo 2) (2 )

2m’ —1)! 16 ) \e?* =1 e*—1
(m/ —1)' , 1 , 2
= —— OFI m+7,2m,i z z z
(2m' —1)! 2 16 ) ez +e 2

We observe immediately that C (z) is odd function, which implies that the even
coefficients of C' (z) are indeed zero. Thus the conjecture is proved to be correct.
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JUNIOR PROBLEMS

Solutions to the problems in this issue should arrive before
May 30, 2024

Proposals

76. Proposed by Mihaly Bencze and Neculai Stanciu, Romania.
Let ABCDEFGHIJKLM be a regular 13-gon. Prove that

AC —AB _AF
AD —AC ~ AE’

77. Proposed by Titu Zvonaru, Comanesti, Romania.
Let a, b, ¢ be positive real numbers. Prove that

<a2 b2 02) <a2+b2 2+ ?+a?

?—F?—’—E a+b b+c c+a

> > 3(a® +b* + ).

78. Proposed by Dren Neziri, University of Primorska, Slovenia. Let BC be a
fixed chord of a fixed circle w. Let A be a variable point in the major arc BC.
Define

point on the side AB such that BM = M A+ AC if AB > AC.

Find the perimeter, in terms of BC' and ZBAC, of the locus of F(A) as A moves
along major arc BC.

FA) = {point on the side AC such that BA+ AM = MC if AB < AC;

79. Proposed by Besfort Shala, University of Bristol, United Kingdom.

Let F), be the Fibonacci sequence given by F} = 1,Fy =1 and F,12 = F,,41 + F),
for all n > 1. For a given positive integer d, let f(d) be the least positive integer
such that d | Fy(q). Prove that for coprime positive integers m and n, we have that
flmn) = f(m)f(n) if and only if f(m) and f(n) are coprime.

80. Proposed by Valmir Krasniqi, Institute of Science, Technology, Engineering
and Mathematics, Republic of Kosova. Let x,y,z > 0 such that xzyz = 1. Prove

that
3+3 3+3 3+3
i Y B s R i B Y
22 +y+22 Y2+ 2+ 2z 22+x+2y
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No problem is ever permanently closed. We will be very pleased to consider
publishing new solutions or comments on previous problems.

Solutions

71. Proposed by Mihaly Bencze, Brasov, Romania, and Neculai Stanciu, Buzdu,

Romania. Let ay,asg,...,a, be positive real numbers and define a,,41 = a;. Prove
n n n 2
az - 1 S ka4
_— > 5 ak = 2—{—7
a a a
=y Ok k1 k=1 1 Qe T Gy

Solution by Henry Ricardo, Westchester Area Math Circle. Applying the
Cauchy-Schwarz (C-S) and AGM inequalities, we have

¢ (e ak)’
ak + k41 Ezzl(ak‘f'ak-i-l)

(Cr ax)”

2 ZZ:1 ak

k=1

A

Also solved by Titu Zvonaru, Comanesti, Romania; Edi Berisha, Re-
public of Kosova; NYSS Problem Solving Group, Republic of Kosova;
Michel Bataille, Rouen, France and the proposer.

72. Proposed by George-Florin Serban, National Pedagocial College “D. P. Per-
pessicius”, Braila, Romania. A 4-digit positive integer abed is called special if it
satisfies

abed = (a+ b+ c+d)(a® +b* + & + d?)%.

One easily verifies that 2023 is a special number. Find all special numbers.

Solution by the proposer. Let s = a+b+c+d, t = a® +b%+ ¢+ d?, and check
cases of the former.

For s < 4, it is clear that st? < 4(8)2 = 1024, which clearly gets surpassed by abcd.
If s =5, abed = 5000 = 5 - 625 = 3125, abcd = 4100 = 5 - 289 = 1445, in other cases
the max (stz) =5-169 = 845.
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If s =6, abed = 6000 = 6 - 1296 = 7776, abcd = 5100 = 6 - 676 = 4056, abcd =
4200 = 6 - 400 = 2400, abed = 4110 = 6 - 676 = 1944, abed = 3300 = 6 - 324 = 1944,
abed = 3120 = 6 - 196 = 1176, abcd = 2220 = 6 - 144 = 864.

If s =7, abed = 7000 = 7 - 2401 = 16807, abcd = 6100 = 7 - 1369 = 9583,
abed = 5200 = 7 - 841 = 5887, abed = 5110 = 7 - 729 = 5103, abed = 4300 =
7625 = 4375, abed = 4210 = 7 - 441 = 3087, abed = 4111 = 7 - 361 = 2527, abed =
3310 = 7- 361 = 2527, abed = 2023 = 7- 289, (A), abed = 3112 = 7- 225 = 1575,
abed = 2221 = 7169 = 1183,

If s = 8, if a digit is greater or equal to 6 then st? > 8- 1296 = 10368 then the
greatest digit is 5, abed = 5300 = 8 - 1156 = 9248, abed = 5210 = 8 - 900 = 7200,
abed = 5111 = 8 - 784 = 6272, abed = 4400 = 8 - 1024 = 8192, abed = 4310 =
8- 676 = 5408, abcd = 4220 = 8 - 576 = 4608, abcd = 4211 = 8 - 484 = 3872, abcd =
3320 = 8- 484 = 3872, abed = 3221 = 8 - 324 = 2592, abed = 3311 = 8 - 400 = 3200,
abed = 2222 = 8 - 256 = 2048.

If s =9, then the greatest digit is 6 then st?> > 91296 = 11664 then the greatest
digit is 5,abed = 5400 = 9 - 1681 = 15129, abed = 5310 = 9 - 1225 = 11025,
abed = 5220 = 9 - 1089 = 9801, abcd = 5211 = 9 - 961 = 8649, abcd = 4410 =
9-1089 = 9801, abcd = 4311 = 9- 729 = 6561, abed = 4320 = 9 - 841 = 7569, abcd =
4221 =9-625 = 5625, abed = 3330 = 9 - 729 = 6561, abed = 3312 = 9 - 529 = 4761,
abed = 3222 = 9 - 441 = 3969.

It is easy to check that if one of a, b, ¢, d is 7 st? > 9999, which is impossible. Instead
we get that abed < 6100. But, using Holder’s inequality, we get

16 x 6100 > 16(abed) = (1 + 1+ 14 1)%(s)(t)? > s° < s < 10.

Since s is an integer, we have s < 9, which we already considered. In conclusion,
the only special numbers are abcd = 2023 and 2400. A

73. Proposed by Leonard Giugiuc, Romania. Let x,y and z be non-negative real
numbers, no two of which are simultaneously zero, such that x + y + z = 3. Find
the least upper bound of the expression

(+y)(y+2)(z+2x) 1 1 1
: + + .
Ty + yz + zx z+3 y+3 243

Solution by Michel Bataille, Rouen, France. We denote by C the constraints
x,y,2>0,(x+y)(y+2)(z+2) #0,x+y+ 2 =3 and set

1 1 1
VR R NS SR SN
zy +yz + zx z+3 y+3 243
and f(z,y,2) = g(z,y, 2)h(z,y, 2). -
We claim that the least upper bound of f(z,y, z) for (z,y, z) satisfying C is 3

g(x7 y7 Z) =

Let M denote the desired l.u.b. and let ¢t € (0,3/2). Since (¢,t,3 — 2t) satisfies C,
we have f(¢,t,3 —2t) < M, that is,

t(3 — 2t 15— 3t
g L= b3 <M. (1)
6 — 3t (34+1)(6 — 2t)
(Note that g(w, y, 2) = FHHFREUEEEEIZIE = (4 4y 4 2) — oz )

Letting ¢ approach 0 in (1), we obtain % < M.
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Thus, the claim follows if we show that f(z,y,z) < 2 whenever (z,y, ) satisfies

C. Let (z,y,2) be such a triple. Then we have g(z,y,z) = wy-@% <3

3 _
and since h(z,y,z) > 0 it is sufficient to prove that h(z,y,z) < %. Setting m =
xy +yz + zx,p = xyz, a simple calculation gives

h(z,y, 2) = m + 45 _§ 6m + 270
) S T p 54 6 15m+ bp+ 270
and h(z,y,z) < % follows since 0 < 6m < 15m + 5p. A

Also solved by Titu Zvonaru, Comanesti, Romania and the proposer.

74. Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam. Given
the triangle ABC'. The internal angle bisectors from A, B, C meet sides BC,CA, AB
at Ay, By, C1 respectively. Prove

—_— = —_— —_— =
A B C  cos(BB1,CCy)  cos(CC1,AA;)  cos(AA;, BBy)
tan — + tan — +tan — + ) + 5 + ol =0
2 2 2 cos 5 cos < cos &

Solution by Titu Zvonaru, Comanesti, Romania. We have
- — B A A
cos(BB;,CCy) = —cos (180O - ;C) = —cos <90° - 2) = —sin 3

After cyclically using the above equality, the conclusion follows by definition of the
tangent function. A

Also solved by the proposer.

75. Proposed by Besfort Shala, University of Bristol, Bristol, United Kingdom. Let
n be a positive integer. Find the smallest value of k (in terms of n) such that the
system of equations

k k k
:x1+x2++xn

has a unique solution over the positive real numbers.

Solution by Edi Berisha, Republic of Kosova. It is clear that for any n and
k, we have the solution z; = 1 for all 1 < ¢ < n. Thus, we must find all k£ (which
may or may not be dependent on n) such that there are no other solutions besides
this. Note that the corresponding value of k for n = 1 is clearly k£ = 2. Now let
n > 1. For k = 2, we always have another solution to the system of equations given
by 21 = 3(v/n+1),and z; = 1 for 2 <i < n.

Next, we claim that k = 3 (for all n > 2) is the smallest k that satisfies the condition
of the problem. Indeed, we have

(£ (&) (57)

On the other hand, by Cauchy-Schwarz we have

(5) ()= (5)

with equality if and only if x; =1 for all 1 <7 < mn. A
Also solved by the proposer.
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