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Problems

145. Proposed by Paolo Perfetti, Department of Mathematics, University Tor Ver-
gata, Rome, Italiy. Let 0 < x < 1. Prove that 2% < 22 —x + 1 — 22(1 — 2)*.

146. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. Let n > 1 be an integer. Solve in My (Z) the equation X2+ — X = [,.

147. Proposed by Anastasios Kotronis, Athens, Greece. Let a, be the sequence
defined by the relations

1+bfpfl Jrbea n 2a 0
(07 - - 5 n — 5 Qn — - 0n =
+3 n+3 +2 n+3 + n+3
and

(b—p)?*—p

apg=1, a1 =b—pA ax=a+
where a,b e Rand R p ¢ {-2,-1,0,1,...}.

(1) Show that lim, . n?*ta, = 1"6(0712) and

2 )

(2) Find lim,— oo n (np+1an — %) if it exists.
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148. Proposed by D.M. Batinetu-Giurgiu, “Matei Basarab” National College, Bucharest,
Romania, and Neculai Stanciu, “George Emil Palade” School, Buzdu, Romania.

Find . .
— sinh“(t) — sinh“(¢)
lim <x6°sh2<t> (<r<x+ D) - D+ 2) T ))

xr— 00

where ¢t € R and I' is the Gamma function.

149. Proposed by Arkady Alt, San Jose, California, USA. Let D be set of strictly
decreasing sequences of positive real numbers with first term equal to 1. For given

D+q
real positive p,r and any ay = (21, %2, ..., Ty, ...) € D. Let S (zn) = Y00, x; if
Tnt1
0o mp+7’ "
series )~ | —— converges and S (zy) = oo if it diverges. Find inf {S (zy) | zny € D} .
$n+1

150. Proposed by Cornel loan Vialean, Timis, Rumania. Find

Z k+n kJrn
k+n’

1 1
where H,, =1+ 5 + -- -+ — denotes the nth harmonic number.
n

151. Proposed by Albert Stadler, Herrliberg, Switzerland. Prove that
1

=1 3
- =2+ Zcoth
‘0 £ TR (2+QCO ”)Zkuk? Zlirk?
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Solutions

No problem is ever permanently closed. We will be very pleased considering for
publication new solutions or comments on the past problems.

138. Proposed by Leonard Giugiuc, National College Traian, Drobeta Turnu Sev-
erin, Romania. Let a, b, ¢, x, y and z be real numbers such that a+b+c+z+y+2z = 3
and a® + b2 + 2 + 22 + y2 + 22 = 9. Prove that abcryz > —2.

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria. The variables a, b ,c, x, y, z will be denoted by
1, T2, X3, %4, L5, Te for simplicity!. The set

6 6
K= {(mla---ax6> ERG,Z.%‘ :3,235? :9}
i=1 i=1

is a compact subset of RS, so, the continuous function (z1,...,x¢) H?:l x;
attains its minimum p on K, So, let (a1, ...,as) € K such that a1 < ag <...<ag
with

6

[L = aias---ag = min {sz : ($1,$2,$3,$4,l‘5, 1‘6) S R6}
i=1

Since (—2,1,1,1,1,1) € K we conclude that ;4 < —2. This proves that none of the

a;’s is zero, and that the number of negative a;’s is odd. Therefore, we have three

cases:

(a) as < 0 < ag. In this case we have ag = 3 — Zizl a; > 3 and consequently

9 < a2 <30, a? =9 which is absurd.

(b) a3 < 0 < a4. In this case we have

3 2 3
9= <Z(ai + ai+3)> < 32(%‘ +aiy3)?

i=1 i=1

S0,
6
3< Zaf + 2(ara4 + azas + azag) = 9 — 2(|a1| as + |az| as + |as| ag)
i=1
or )
3 (a1l aa + |as] as + Jas| ag) < 1.

The arithmetic mean- geometric mean inequality proves then that |u| = |a1||az||as| asasas <

1 which is also absurd.
(c) a1 <0 < ay. Here we have

6 2 6
(3—ay)* = (Zw) §5Zaf =5(9 —a?)

this is equivalent to a2 —a; — 6 < 0 and consequently —2 < a; < 0. It follows that

6 5 5
O<Hai§(a2+a3+a54+a5+a6) :<3—5a1> <1
1=2




519

hence p = H?:l a; > —2. Consequently g = —2 which is the desired conclusion.

Solution 2 by S.C. Locke, Department of Mathematical Sciences, Florida
Atlantic University and B. Reinhart (student), Oxbridge Academy.

We may assume that none of the variables a, b, ¢, x, y or z is zero, since then
abcxyz =0 > —2.

We use the method of Lagrange multipliers. Let
F(a,b,c,z,y,z,\, p) = abcxyz+A(a+b+c+xz+y+2z—3)+u (a2 +02 4+ 422 —9).
Then,

bexyz + X+ 2ua
acryz + X+ 2ub
abryz + X+ 2uc
abcyz + A + 2ux

T ==

VE = ofF | ~ abcxz + N+ 2uy
g%, abcxy + X+ 2uy
- a+b+c+x+y+2-—3
gﬁ- | PP+ A+t P+ 22 -9
L o |

_
We want VF = 0. Thus, for any w € {a,b,c,z,y,z},
oF

w—— =0 = 0 = abcxryz + \w + 2uw?.
ow

Hence,

Aa + 2pa® = Ao+ 2ub?, A(a—b) +2p (a®> = b%) =0, (a—b) (A +2u(a+b)) =0.
Either a = b, or A = —2u (a +b). Suppose that © = 0. We have already stated
that we may assume a # 0. Thus, abcryz + Aa = 0 and bcryz = A. Similarly,
beryz = N\ = acryz = abryz = abcyz = abcxz = abcxy, and a =b=c=z =y =

# 9. Hence,

w

z= 2 which is impossible, since then a? 4+ b% 4+ c? + 22 + 3% + 22 = 3
-2

i # 0. Now, we have a =bora+b= 5 Thus, [{a,b,c,z,y,z}| € {1,2}, and

I

we’ve already ruled out |{a, b, ¢, z,y, z}| = 1. The remaining cases are, without loss

of generality,

(i) a=b=c=2x =y, and then 5a + z = 3, 5a® + 22 = 9, 5(12—1—(3—5a)2 =9,

a=1, z= -2, and abcxyz = —2.

(ii) a=b=c=x,y =z, and then abcryz = a*z? > 0.

(i) a=b=c,x=y=23a+32=3,3a>+322=9,a+2=1,a%+2%=3,

az =1 ((a +2)° — (a® + 22)) = —1, and abczyz = (az)’ = -1 > 2.

Therefore, abcxyz > —2, with equality if five of the variables have value one and

one of the variables has value negative two.
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Solution 3 by Moti Levy, Rehovot, Israel. The following notation and results
will be used in this solution:
1) The elementary symmetric polynomials in n variables are defined as:

e = E Tj %y, k=1,2,...,n.

1<j1 <2< <jr<n
2) The elementary symmetric means in n variables are defined as:
€k

(Tk)>

Ek: = EO =1.

3) The power sums are defined as:

n
- 2 : k
Pk = Z;.
i=1

4) From Newton’s identities,

p1 = é€1, (1)

D2 = e1p1 — 2es. (2)
5) The Newton’s inequalities are:

Ey_1Ep1 < E}. (3)

Let us denote, for convenience, x1 = a, o = b, x3 =c¢, 14 = x , x5 = y and x5 = 2.
5

The first constraint can be re-written as xrg = 3 — le =3—e.
i=1
We will use the first constraint to eliminate z¢g, so we are dealing with elementary

symmetric polynomials in 5 variables.
5

2 5
The second constraint becomes <3 — Z%) + fo =9,
i=1

i=1
or

(3 7p1)2 +p2 = 97
which is equivalent to ps — 6p; + p? = 0.
We reformulate the problem, in terms of elementary symmetric polynomials and
power sums as:

Show that
€5 (61 — 3) S 2, (4)
subjected to the constraint,
p2 — 6p1 +pi =0. (5)
Substitution of in gives
ez = p1(p1—3), (6)
and substitution of in @ gives
p2=p1(6—p1). (7)
By Cauchy-Schwarz inequality,
p; < 5ps. (8)

By (7) and

pi <5p1(6—p1),
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hence
er =p1 <5, (9)
or
<l (10)
Since by definition, p > 0, it follows from (7)) and (9) that
er =p1 > 0.

It follows from and @D that
65(61—3) §€5(5—3) SQ
or
Es <1.

Thus, showing that E5 < 1 subjected to the constraint is equivalent to solving
our original inequality.
To show that F5 < 1 we will use the Newton’s inequalities, which are:

EyEy = By < Ff}, (11)
E\Es < E3, (12)
EyE, < E3, (13)
EsEs < E3. (14)

Clearly Es = x120x324w5 < |x1||T2] |23] |24 |25], therefore, if we show that F5 <1
for positive values of z; , we are done.

For positive values of x;, we have: E7, Fo, B3 > 0.

Using the Newton’s inequalities to , we obtain:

E2 2 E2 3
pem B m () _m_m_
~ P E3 F? - E2 E3 — F3 v
But we have shown in , that for variables z;, ¢ = 1,...,5, which meet the
constraint, we have F; < 1, hence E5 < 1.
Also solved by Richdad Phuc, Vietnam; Albert Stadler, Herrliberg,
Switzerland and the proposer.

139. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. Let a,b € R, a < b, and let f : [a,b] — R be a Riemann integrable
function. Calculate

i [ /(@)

1m ) ) . 2

n—oo J, 1 +sin”zsin®(z + 1) ---sin”(x + n)

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria. Note that,for real x

n+1

n 1 n
. _ _z
z::sm (x+ k)= 5 5 Zcos(2x + 2k)

n+1 ix i
_ 5 _%(2 Z€2k>

n+1 cos(2z +n)sin(n+ 1) - n+3

2 2sin1 2
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In particular, for all n > 3 and = € R we have

1
n+1ZSm x+k) <

and by the arithmetic mean-geometric mean inequality we conclude that for all
n > 3 and x € R we have

»-b\c,o

n 3 n+1
H sin?(z + k) < (4>
k=0

It follows that, for n > 3 we have

’ o f(@)
/a fla)de /a 1+ TTr g sin®(z + k) d

f/ Hsm
() [

fm [ B (C) /f

n—oo J, 1+ sin®zsin®(z 4 1) - - -sin?( x—|—n

Thus,

Solution 2 by AN-anduud Problem Solving Group, Ulaanbaatar, Mon-
golia. Va € R we have

1
<1 1
1 +sin®zsin®(z +1)-...-sin®(z +n) ~ S

Using AM-GM inequality we have:

) ) ) n+1
1

sin?z-sin?(z+1)-...-sin*(z4+n) < (sm zsin(@+l)+.. +sin (w—i—n)) .
n+1

Other hand, we get:

n+1 sin(n+ 1) cos(n + 2z)

sinz +sin*(z + 1) +... +sin*(z +n) =

2 2sin 1
Hence we have:
1 1
< 2
1+ (7 _ sin(nt1) cos(n+2m)>n+1 ~ 1 +sin?zsin?(z +1)...sin’(z +n) @
2(n+1)sinl
Let
(@) :
gn\T) = n+1"
sin(n+1) cos(n+2x)
L+ (7 - 2(n+1)sinl )
" . n+1 n+1
0 < l_bln(n—kl)c%(.n—i—?m) < l-i- 1 . 0
2 2(n+1)sinl 2 2(n+1)sinl
hence
Vi € [a,b] : nh_)rr;ogn(x) =1
From (1) and (2), we have Vz € [a, ] :
1
lim =1

n—oo 1 +sin? zsin?(z 4 1) ...sin?(z + n)
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Using the Bounded Convergence Theorem, we get that

b
lim —— 1(@) —5 dx
n—oo [, 1+sin“zsin“(xz +1) ... sin“(z +n)

b
:/ <hm L — )f(x)dx
n—oo 1 +sin® zsin®(x + 1) - ... -sin®(z + n)

/f

Solution 3 by Perfetti Paolo, Dipartimento di Matematica, Universita
degli studi di Tor Vergata Roma. Let consider on the unit circle C the three
subsets: Iy = [—-%, F| U 27, %ﬂ , L=(%2%7), Iz= (677, 16171')

Clearly C' = I, Uy U I3 and let’s observe that the length of I; is 27/3.

Now consider the following set

sin?(x +n+1), sin®(z4+n+2),...,sin’(x +n+7))

2
Out of the seven terms written, at least # = 3 of them belong to I; and this
T

means that

sin?(x +n+ 1) -sin’(x +n+2)--sin’(x +n+7)) < B
regardless the value of 2. Now let’s divide the first N integers (0 included)
in blocks of length 7 getting % blocks plus the rest which is a set made of some
integers up 6. It follows
sin? zsin?(z 4+ 1) - - -sin®(z + N) < BN
and this implies that
lim sin? zsin?(z +1)---sin®(z +n) =0

uniformly on [a, b]. It follows that
b
lim ——— f(@) / f(x
n—oo [, 1+ sin?zsin?(z + 1) - - -sin( a:—i—n

Solution 4 by Michel Batallle, Rouen, France.
Let K, (x) = We show that

1+sin? §1n2(£+1) §1n2(1+n)

lim K x)dx = / flx
From a known result, we have lim fa K, (z)dx = b—a (see O. Furdui, Limits,

Series, and Fractional Part Integrals, Springer, 2013, Problem 1.36, pp. 55-6).
Thus, if (o, 8) C [a,b] and f(a ) is the characteristic function of (a, 3), we have

lim f Ky - &a,p) = hm f K, —Oé:f:f(awg).

n—oo

Now, consider the functlonal L:f— L(f) =lim,—e ff K, (z)f(x)dz. Clearly, L
is a linear functional on the linear space of Riemann integrable functions on [a, b].

Since L(&(a,5)) = f; §(a,3), by linearity we also have L(¢) = fab ¢ whenever ¢ is a
step function from [a, b] to R.
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Now, let f be any Riemann integrable function on [a, ] and let € be any positive

real number. There exists a step function ¢ such that f; |f — ¢| <e. Then, from
anff :Kn(f7¢)+Kﬂ¢7¢+(¢ff) and 0 S Kn(I) S 1 for all z € [avb] we
deduce

/ab an B /ab f

-/ b(an—f)‘

- /abKn(f—qb)+/jm¢—[¢+/ﬂb(¢—f)'

< Lzau—¢ w6 — / l/¢ fﬂ
< /uban—¢|+LKn¢—A¢+L 16— 1]
< 2/ab|f—¢|+/abf<n¢—/;¢

Since L(¢) = limy, o fub K,¢= f; ¢, we deduce

/aban B Abf

and since this holds for any € > 0, we must have limsup,, .

ijnf—f;f‘ = 0 so that

b
é?/ F o[ +0<2

lim sup

n—oo

=0.

n

Thus, lim,,_,

b
L(f) = lim Kn = / f and we are done.

n—oo

Also solved by Moubinool Omarjee, Lycée Henri IV, Paris, France; Moti
Levy, Rehovot, Israel; Albert Stadler, Herrliberg, Switzerland; Ramya
Dutta, Chennai Mathematical Institute (student), India and the pro-
poser.

140. Proposed by Cornel loan Valean, Timis, Romania. Find

o0
g n—|—1

Where H,, =1+ % 4+ -0+ }L denotes the nth harmonic number.

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria.

We will write Hy = 0 for convenience. Since H,, = O(logn), the following power
series

x) = Z Hyz", G(z)= Z H?z™, H(x)= Z H3z™, I(z) = Z ni:lx”*'l,
n=1 n=1 n=1 n=1

converge for x € (—1,1).
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(1) For all x € (—1,1) we have

(oo}

(- 2)F() = Y (H, ~ Hyp)a =Y

n=1 n=1

thus

(2) For all z € (—1,1) we have

(k;«)G(@:i(ﬂ —H?_ )a" = 3 <<Hn_1+;>2Hfl_l> 2"

n=1 n=1

n=1 n:l

_2/0 <ZHnt>dt+L2() 2/0 17 4+ Lis(2)

n=1

=log?(1 — z) + Lia(z).
where Lis(z) = Y7, 2" /n? is the Dilogarithm. Thus

log?(1 —x)  Liy(x)
Jr
11—z 11—z

G(z) =

(3) For all x € (—1,1) we have

oo

oo 1 3
(L= a)H(@) = > ()~ H}_)a" =) ((H . n) - HY > 7"

=3 Z Lﬁx"“ +3 i M + Liz(z)
2 (it 1)2

24n n_n+l + ;.
—3/0 (E Ht)dt+3/ t(ﬂgl 1t )d + Liz(x)

n=1

where Liz(z) = Y-, 2"/n® is the Trilogarithm. Using the results of (2) we see
that

1
(1—2)H —3/ G(tydt + 2 /%dwmg@)
Li  log?(1 —
—log?’(l—x)+3/ 12(t)dt—|—§/ Mdt—i—Lig(x)

Now, recall that for 0 < z < 1 we have

2
Lig(z) + Lig(1 — z) = i log(x)log(1 — )



So
/”” LiQ(t)dtzl2 Todt 7/1 log(t)log(l—t)dti/x2(1—t)dt
o 1—t 6 Jo 1—-t Jo 1—t o 1-—t
2 v log(1 — oL
= Tlogt—a) - [ B0y [ L0y,
0 l1—x
2 x .
:—%log(l—x)—/ %dtJrLig(l—x)—Lig(l)
0
But
log(t) log®(1 — t) I__log(t)log(l—t) 1 log?(1 —t)
2 B 1—t 2 t
Hence

(A B T 2 o
/ Liy(t) gt 1/ log“(1—1t) gt
o 1—1 2 Jo t

2
1
= —% log(1 — ) + 5 log() log? (1 — #) + Lig(1 — ) — Lia(1)

Thus
B log?(1 —z) 72 log(1l — ) Liz(1 —2) 3Lis(1)
H@) ===~ s 1o
3log(z)log*(1 — )  Lis(z)
2 1-— T + 1 — X (3)

(4) Integrating (3) we obtain

2
I(z) = ilog‘l(l —z)+ T log?(1 — ) 4 3¢(3) log(1 — z) — 3Lig(1 — z) + 3¢(4)

3 7 log(t)log?(1 —t) ¥ Lis(t)
= ——————dt+K dt
+2/0 1t K@+ | T
—_———
J(z) K(x)

Now,

J(1—2) = /01_‘” log(t) 110§2t(1 - t)dt _ /1 wlogz(ﬂdt

- [7 Lip (t) 1og2(t)}i +2 / 1 Lizt(t) log(t)dt

= Lig(2) log?(z) + 2 [Lig(t) 1og(t)}l —2

xT

= Liy () log?(z) — 2 Lis(z) log(x) + 2 Li4{z) —2¢(4)

K (2) = | ~ Lig(t) log(1 - t)]z - /0 w Lia(t)dt

= — Liz(z)log(1 — x) — /0 ’ Lij (t) Lig(t)dt
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It follows that,

2

I(z) = ilog4(1 —x)+ % log2(1 —x)+3¢(3)log(1 — x) + gLig(l — x)log2(1 —x)

—3Liz(1 — z)log(1 — z)) — Lis(z) log(1 — z) — %Lig(m) (4)

(5) Fortunately the values of Liz(1/2) and Liz(1/2) are known:

1 T 1,
Lig () == — Zlog?2
12(2) 12 2%

2

Lia (5) = §60)+ g log'(2) — T w2

We conclude immediately that

1 1 at logh(2) w2
I <) — 3¢(3)log(2) — oo + ngf ) 4 5 log?(2)

and the announced answer follows since the desired sum is 27 (%)

Solution 2 by Moti Levy, Rehovot, Israel. Let f(z) := > 2 H32" be the
generating function of the sequence (Hf’L)n>1.
An expression for f(z) can be found in a nice article by Professor Istvan Mezd,
” Nonlinear Fuler Sums”, in the Pacific Journal of Mathematics, Vol.272, No. 1,

2014:

1 2
f(z)= . (—gln(l —2)—In*(1—2)+ gln2 (1 —%)Inz+ 3Li3 (1 — z) + Lis (2) —3((3)) ,
—z
(15)
where Lig (2) :=> 7, 7% is the polylogarithmic function.
1 [ 1 [F& 1S z > H3
= t)dt = - Hit"dt = - H3/ tdt = o 16
- [ ro /Z S| S o
Putting z = % in ,
e’} H3 1
S o [t (17)

3 2 1 o 1 3 . 1 2 _
/Qf(wdt:—l 2Mdt—/2mdt+§/2wdt
0 0 0

1-1¢ 2 1-t

+3/27L13(1*”dt+/2 Ll3(t)dt73<(3)/2 L,
0 0 0

1-1¢ 1-t¢ 1-1¢
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1
2 In(1—1¢) 1. 5
S R Y 18
/0 1—¢ g (18)
1
2 In® (1 —1) 1.,
i S VS P 1
/0 o im'2 (19)

3 1n?(1—t)Int 4 1\ 7
7dt:————l 2—71 2 + 2Li - In2, (2
/0 T3 o n" 2+ 2Liy (2>+4C(3) n2, (20)

1
PLis(1—t), 1
AL L 21
/0 1-¢ 90 \2 (21)
1
3 Lis (1) 1, 1
dt = — e Lty In 2 22
/0 T = g™ g™ 2+ g2 C“n’ (22)
/Q—dt In2. (23)
0 1-

> 1
t)dt = =m%1In*2 f1427— 3)In2 0. )
n;(n—i—l% /f 7r n?2+ " +¢(3)In2220.966 3

Also solved by AN-anduud Problem Solving Group, Ulaanbaatar, Mon-
golia; Refik Zeraoulia, Algeria and the proposer.
141. Proposed by Valmir Krasniqi, University of Prishtina, Republic of Kosova.

Let p € N, and let A,(z) = % Prove that (—1)";52 (Ing(z)) > 0, for

alln=1,2,3... and z > 0, where ¢(z) = 7””@“)
Solution by Motl Levy, Rehovot, Israel. A positive function ¢ is said to be
logarithmically completely monotonic on an interval I if its logarithm In f satisfies

()" (e (@) > 0

forn=1,2,3,... on I.

So we are asked here to show that ¢ (x) = “7;142(90-5-1) is strictly logarithmically
completely monotonic on the interval (0, c0).

o plp
Fp(x)'_x(:c+1)~~~(x+p)' (24)
Ay (@)= P p Ly g

a(x+1)---(z+p)  p
Feng Qi and Chao -Ping Chen actually showed in [1], that Tivl“(xr-ﬁ-l) is strictly

logarithmically completely monotonic.

I will follow here their footsteps , for @:
Let

f(m):zln(wm):—lnx—&-iln(p—’—ll“ (x+ ))

€T p
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Using Leibnitz’ rule % (u@)v(z) =10 () %kk (u(x)) % (v(x)),
(/@)

dan
T (0 o (5t 0)) 225 (1)
(et o) £ ()5 () (L) )

S (7 >M< )5 ()i ez ()

M:

=~
Il

M:

k=1
(=D)"n!  (=1)"n! p+1 = dkt vk 1
- + xn+l n + Z dak—1 (Wp (z+1)) dzn—F \ z
k=1
(=1)"n!  (=1)"n! p+1 u (=1)" "% (n — k) dF1
- nan ntl In * ; k! ( k)! an—k+l dzk—1 (Wp (& +1))
_(=D"al (=)l p+1 "ol (=) gkt
T nxn + 1 In +k 1]? e k+1 dz k-1 (% (LC+1))
(-1)"n! [« p+1 = % z* dk !
k:l
Let
T p+ n ok k=1
g(x)::n—l—ln(pl" JI+1>+Z k'dmkl(wp( 1)),
k=1
so that
dr -1)"n!
ey =", (25)
One can check that
d 1 (=1)"z"™ d»
%(g(x))—ﬁJer — (Yp (z+1)).

Now we need the Laplace transforms of d% (¢p (2)) and of L, for z > 0 (can be

found in [2]):
i — ;/ tnflefmtdt
am o (n—1)!Jo

& it [l
o @) = (<) [ e

1—e
1 d 1 (— ) d”
o dr (9(x)) = oy ol (wp( 1)
) ) —t
_ i - 1 7ztdt 1 € (1 _ ef(erl)t) tnefa:tdt
nl Jy nlfy 1—et

I P (1—e—<p+1>t) et
n! Jo et —1 '
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Since 0 < -5 < land 0 < 1—e~ @Dt < 1fort > 0, then 1— L (1 — e~ (PFD!) >

0 for t >0, and [;° (1 - = (1= e*(PH)t)) t"lemtdt > 0.
Thus L - (g (2)) > 0 for z > 0, and £ (g (z)) > 0 for 2 > 0, which implies that
g(x)>g(0)=0 on (0,00). (26)

It follows from and that (—1)”%(]” (z)) = =25g(z) > 0 for z > 0

and for all n = 1,2,3..., which implies that M

completely monotonic.

References:

[1] Feng Qi and Chao -Ping Chen, ” A complete monotonicity property of the gamma
function”, J. Math. Anal. Appl. 296 (2004), pages 603-607.

[2] Valmir Krasniqi and Feng Qi, ”Complete monotonicity of a function involving
the p-psi function and alternative proofs”, G. Jour. Math. Anal. 2 (2014), no. 3,
204-208.

Also solved by the proposer.

142. Proposed by  D.M. Batinetu-Giurgiu, “Matei Basarab” National College,
Bucharest, Romania, and Neculai Stanciu, “George Emil Palade” School, Buzdu,
Romania. Let (an)n>1 such that a; =1 and an_H = (n+ 1)!la, for all n € N*. Let
(bn)n>1 be a positive sequence such that hm n*; =b > 0. Compute

1' 2n bn
e

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria. The answer is e'/4. Let u,, = %/n! / "/, Since

is strictly logarithmically

H k! = H k"1 we conclude that
k=1

1 1<
logun:%ZIngz——QkZ (n+1—k)logk

I & k —~
:—E log + = logn——g logk — — (n—k)logf—n logn
n? — n
e /k 1 k  logn 1
=— ——=)log— — —=—— =) logk
n (n 2) n  2n QZOg
k=1 k=1

But

k=1
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Thus lim wu, = e'/. Finally, because lim 2 =b > 0 we see that lim zL\/@ =1,
n— oo n—oo N n—oo

n.

hence

2n 2n
TS LT LTI ——

- 1m —F—Uu
oo "Z/ian 00 277,/7{’7‘! n

as announced.

Solution 2 by Angel Plaza, University of Las Palmas de Gran Canaria,
Spain. The answer is e'/4. Let u,, = */n!/ "¥/a,
Let L be the proposed limit. Then

2 bn/2

_ L pn /2  In==

InL = Ilim In = lim ~
n—oo an n—oo ’]’7,2

(n+1)/2
b b'n./2
n+1 _ n
—  lim b T
n—o00 2n+1
b(7b+1>/2
In n41 . _an
I pr/? Ant1
n—oo 2n +1
(n+1)/2
ln bn,+1 . 1
I b/ (n+1)!
= 1m
p(nt2)/2 p(nH1)/2
In nt2 -1 ntl
b2 (n2)! b2 (n+1)!

o (2n+3)— (2n+1)

n+2)/2 n/2
= 1 lim In b£'+2 ! . bn/ (n+1)!
2 n—oo bgzj:il)/Q(n + 2)! bs:j'll)/Q
(bn+2>(n+2)/2.( b )77,/2
= - lim In 2" bt
n/2
(22)" (n+2)
= — lim In
1 1
= 3 Ine'/? = 1

Also solved by Arkady Alt, San Jose, California, USA; Leonard Giugiuc,
National College Traian, Drobeta Turnu Severin, Romania; Moti Levy,
Rehovot, Israel; George-Florin Serban, Pedagogical High School, Braila,
Romania; Michel Bataille, Rouen, France and the proposers.

143. Proposed by Florin Stanescu, Serban Cioculescu school, city Gaesti, jud.
Dambovita, Romania. We consider two matrices A, B € M3(R), at least one of
them is not invertible. If A2 + AB + B? = 2BA, prove that AB = BA = O,.

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria.

(a) A+ B is singular. indeed by assumption det(BA) = det Bdet A = 0, so from
(A + B)? = 3BA we conclude that det(A + B) = 0.
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(b) Both A and B are singular. Indeed, from the fact that A 4+ B is singular and
the two equalities:

(A—2B)(A+ B) = A + AB - 2BA — 2B* = —3B?
(B4 A)(B—2A) = B>+ AB —2BA — 2A? = —3A?

(c) Let « = A, p = B. Since det A = det B = det(A + B) = 0 we conclude that
A? = aA, B> = 3B and (A+ B)? = (a+ 8)(A+ B). Taking traces of both sides of
the equality A2+ AB+BA+ B? = (a+f)(A+ B) we conclude that (AB) = (BA) =
a3. Now, taking traces of both sides of the equality A2 + AB + B? = 2BA yields
a?—af+5% =0, and consequently o = 3 = 0. So, A2 = B2 = (A+B)? = O,. This
implies that AB + BA = Oy and the A%2 + AB + B? = 2BA becomes AB = 2BA.
These two equalities imply that AB = BA = O,, which is the desired conclusion.

Solution 2 by Michel Bataille, Rouen, France. We shall use the following
known result: if M € M, (R) is not invertible, then M? = tr(M)M (this results
from the Hamilton-Cayley Theorem since the characteristic polynomial of M is
22 —tr(M)x + det(M) = 22 — tr(M)z).

We have (A + B)? = A? + AB + BA + B? = 3BA, hence det((A + B)?) =
9(det A)(det B) = 0 (the latter equality because A or B is not invertible). Thus
A + B is not invertible and so

3BA=(A+B?=tr(A+B)(A+B) (1).

Let m = tr(A+ B) = tr(A) + tr(B). We first show that m = 0.

If neither A nor B is invertible, then A? =tA and B? = (m — t)B where t = tr(A)
so that tr(A2?) = t? and tr(B?) = (m —t)?. Since tr(AB) = tr(BA), the hypothesis
A% + AB + B? = 2BA gives t* + (m — t)* = tr(BA). But, from (1), we have
m? = (tr(A + B))? = tr((A + B)?) = 3tr(BA) and so t2 + (m — t)? = %2 This
rewrites as (t — %)2 + ”f—; = 0, which implies m = 0.

Now, suppose that only one of A and B is invertible and assume that m # 0. Since
A+ B is not invertible, we have (A + B)X = 0 for some nonzero column vector
X. Then, from (1), we also have BAX = 0 and so B2X = B(A+ B)X = 0.
This cannot occur if B is invertible (since X # 0). If B is not invertible, then
BY = 0 for some column vector Y # 0 and so % is an eigenvalue of B (because
BAY = Z(A+ B)Y = ZAY and AY # 0 since A is invertible). But X and
Y are independent vectors (X = aY implies BX = aBY = 0, a contradiction
since (A+ B)X = 0 and AX # 0) and B2X = B?Y = 0, hence B? = Oy. This
contradicts the fact that B (hence also B?) has a nonzero eigenvalue (namely %).
We conclude that m = 0.

Now, since m = 0, we already have BA = O, and we deduce that A = Os if B is
invertible and that B = Oy if A is invertible, in which cases AB = BA = Os is
obvious. If neither A nor B is invertible, then A% = tr(4)A and B? = tr(B)B and
so tr(A42) = (tr(A4))? and tr(B?) = (tr(B))?. Since tr(AB) = tr(BA) = tr(O2) = 0,
the hypothesis A% + AB + B? = 2BA gives tr(A4))? + tr(B))? = 0 so that tr(A4) =
tr(B) = 0 (tr(A) and tr(B) being real numbers). We deduce A? = B2 = O, and so
AB = 2BA = O, as desired.

Also solved by Leonard Giugiuc, National College Traian, Drobeta Turnu

Severin, Romania; George-Florin Serban, Pedagogical High School, Braila,
Romania and the proposer.
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144. Proposed by Anastasios Kotronis, Athens, Greece. Show that, as ¢ — 7~
/°° y cosh(zy) 1 Liz(e™?™) In(1—e72") 1
1

sinh(y) v= (m— x)? 272 T o Ofr —2),

where Liz(z) = >, i—z denotes the Dilogarithm.

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology Damascus, Syria.
Let e =7 — 2 > 0. Clearly

cosh(zy) = cosh((w — €)y) = sinh(mwy)e =Y + e~ cosh(ey)
It follows that

ycosh(zy) o 2y cosh(ey)
sinh(my) ey — 1
Hence
°° y cosh(zy) (1+e)e* /°° 2y
dy = —d
/1 sinh(7y) 4 g2 + 1 ety —1 y+96)
where
% 2y(cosh(ey — 1)
g9(e) = /1 B

Noting that 0 < coshu — 1 < “726“ for w > 0 and that e?™¥ —1 > ¢™ for y > 1 we
conclude that

oo , 3 ey 00 2
2 ye 2 8y—(nr—e)y g, _ 05"
0<g(5)§6/1 e dyée/o y’e dyf(ﬁ_g)4
1 € 1 1
In particular, g(e) = O(?). Also, clearly we have % =3 5t % +0(e%).
It follows that
*° y cosh(zy) 1 1 /OC 2y € 9
T dy=— — = ——dy+-+0
/1 sinh(7y) V=27 + . oery—1 v+ 3 +0()
Now it remains to evaluate the integral on the right:
2y  2ye2mY 1 7 Iz 9
Y gy = gy =~ d : ~2my
/1 e2my — 1Y /1 1—e2m ™ 2%2/0 1—z" ree
—27 —27
1 ¢ 1 (¢ In(l-2x)
= |:27r2hl<1—$)hll':|0 _ﬁ o le’
1 _ Lip(e™2™)
= _—ZIn(l —e 27 i S
T n(l—e™™)+ 272
So, we have shown that as * — 7~ we have
o0 (=2 -2
y cosh(zy) 1 Lig(e™*™) 1 In(1—e ") m—=x 5
ISy = _Z_ O(7—
/1 sinh(my) Y (m —x)? + 272 2 ™ + 3 +O((m—=)%)

which is stronger than the desired result.
Solution 2 by Ramya Dutta, Chennai Mathematical Institute (student),
India.

°° sinh(xy) 1

We start with the integral /0 Sinh(my) dy = 3 tan (g) for x € (0, ) - (1)
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sinh(x X e (e — e7Y) p
/0 sinh(my) _/0 1—e 2mny Y
oo 0
- Z/ e~ (2n+1) (™Y — o7V dy
n=0"0
o0

_Z( 2n+ )T —x (2n+i)7r+a:>

B ( 1 1 )

27Tn=0 nty-s Nt

1 1 T 1 T 1 x
— L) - _ = —tan —
o (w <2+27r> w(Q 27r)> 9 Y

where, we used the reflection formula for Digamma function,

(1 —2) — ¥(2) = weot(nz) for z € (0,1)
Differentiating under the integration sign in (1) we get,

/°° y cosh(zy) i 1 Sz
s simh(my) YT 1% 3

Now, denoting x = (7 —t), as * — 7 we have ¢t — 07, hence by the Laurent

x N> (2t S|

: : 2T _ _ 3 _ 2\ _

series expansion, sec 5= (csc 2) = (t + D +0 (t )) =z + 3 + O (t ) =

4 1

-+ O ((r —2)%).

(m—x)? + 3Jr ((W 7) )

Now, from Mean Value theorem, cosh(wy) — cosh(zy) = (7 — z) sinh(6,y) for some

sinh(,y)  0a ; sinh(0,y)
7.(. . . . .

 Sinh(ry) is bounded on

0, € (z,7) and as y — 0T we have

y €[0,1].
Hence,

sinh(7y)

/1 y cosh(zy) dy
0

1 1 .
: / yf_zosh(wy) dy — (7 — ) / yﬁlnh(ny) dy
sinh(my) 0 o

sinh(7y) sinh(7y)

1
= / ycoth(my) dy + O(m — x)
0

Thus, combining the results,

> ycosh(z 1
/1 ysinh}(l;yy)) dy = = —1m)2 + 113 - /0 ycoth(my) dy + O ((m — z))
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and since,
1 1 —27
2ye= ™Y
/0 ycoth(my) dy = /0 Y+ = dy
1

0 1
- 2 —2mny d
3 + ;_:1/0 ye 1y

1 s 1 e—27rn e—27m
= — 2 _— _

2 + T;l (47r2n2 2mn 47r2n2>

1 1 27 1 —27
:§+E+*10g(1—6 )—ﬁng(e )

we have the desired result.

Also solved by Albert Stadler, Herrliberg, Switzerland; Refik Zeraoulia,
Algeria; Moti Levy, Rehovot, Israel and the proposer.
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MATHCONTEST SECTION

This section of the Journal offers readers an opportunity to solve interesting and ele-
gant mathematical problems mainly appeared in Math Contest around the world
and most appropriate for training Math Olympiads. Proposals are always wel-
comed. The source of the proposals will appear when the solutions be published.

Proposals

be a sequence of real numbers such that lim n(a, —1) =1 €

n—oo

100. Let (an),cn

n

(—00,00) and let p > 1 be a natural number. Calculate lim ] (an + {J/%) .

101. Let f,g: [a,b] — R be two nonnegative continuous functions. Assume that f
attains its maximum at a unique point on [a,b] and g attains its maximum at the
same point as f and possibly at other points.

b
[t (@)g(z)de
1) Prove that lim *——— = ||fHoo HgHoo

2) Does the result hold under no assumption on f and g?

102. Let f € C3(R™ R) with f(0) = f’(0) = 0. Prove that there exist h €
C3(R™, S, (R)), such that f (z) = 2*h (z) z, when S,, (R), is the set of symmetric
matrix, and ! is the transpose of .

103. Find the nature of the series > # when (py,),,~; is the prime number
5 P >
increasing order, and ¢ imaginary complex number.

104. Let a, b, and c be positive real numbers. Prove that
(6n+1)a—b\> (6n+1)b—c\” (6n+1)c—a\’
+ +|——— ) =27
n(b+c) n(c+ a) n(a+b)
for any positive integer n > 1.




Solutions

95. Let ne Nandlet O, =1+ % + 4 Til Calculate lim % (1 + %)n

(Jozsef Wildt IMC 2016)

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. Let H, = >, _, 1/k be the nth harmonic num-
ber. It is well-known that H,, =Inn+~v+ O (%) where v is the Euler-Mascheroni
constant. Clearly,

1
20,, = 2Hs, — H, :lnn+21n2+'y+(9(>
n

It follows that

n 2
ln<1 (1—|—2On> ):n1n<1—|—20")—1nn=20n—1nn+o<ln n>
n n n n

1 2
:21n2+7—|—(9( - n)
n
Hence lim In (% (1 + %)n) = 2In2 + 7, and consequently

1 20, \"
lim — (1 + On) = 4e".
n

n—oo n

Solution 2 by Angel Plaza, University of Las Palmas de Gran Canaria,

Spain. Let H —n denote the nth harmonic number H, = 1+ % 4o+ %, and also

Yo = Hyp —Inn. It is well-know that lim ~, = v, where v is the Euler-Marcheroni
n—oo

constant. Then O,, = Hs,, — %Hn and therefore, the proposed limit may be written

as
1 2Ha, — H,\"
hm(H—:2>.

n—oo N n

1 2H2n — Hn " 1 n
tn=— (147222 20) = (144,
n n

where a, = M Also, we note that a,, = O (2111n—1nn> =0 <ln(4n)>.

n n n
Thus,

It follows that

o2
Inz, = n an—7”+... —1Inn

- oo (2))

In(4n)\ >
= 279, +2In(2n) — vy, —lnn—Ilnn—n (O(n( m) >

2
= 272n—'yn+ln4—n<0 (ln(4n)) )
n
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and hence, lim Inz, =~ + In4 and therefore the proposed limit equals 4e”.

Also solved by Paolo Perfetti, Department of Mathematics, Univer-
sity Tor Vergata, Rome, Italiy; Albert Stadler, Herrliberg, Switzerland;
Michel Bataille, Rouen, France; Arkady Alt, San Jose, California, USA.

96. Let p be a positive real number and let (a,),>1 be a sequence defined by

a1 =1, apy1 = Find those real values ¢ # 0 such that following series

an
1+a? -

o0
converges »_ |(pn)_1/p - an|q.
n=1

(Jozsef Wildt IMC 2016)

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. First, the case p = 1 is easy since we have
an = 1/n for every n > 1 in this case, and the considered series converges for every
g > 0 (all the terms are 0 in this case). In what follows we suppose that p # 1.

A simple proof by induction shows that (a,),>1 is positive decreasing. So it must
converge and its limit £ must satisfy £+ ¢**P = ¢ that is £ = 0. Let b,, = 1/a,,. The
sequence (by),>1is monotone increasing and satisfy nlLII;O b, = +00. Moreover,

— (bg“ - 1) B = (b — byl = 1 (+)

Now,

1

bn+1
Wb — b = / ptPrdt = p(byy1 — bn)/ (by + 5(bpy1 — by))Ptds
bn 0

1 1

= ]ﬂl / (bn + sb}jp)”’lds :p/ (1+sak)" " ds
b Jo 0

The dominated convergence theorem shows that lim (b9 ., — b

Cezdro’s lemma we conclude that lim (b2/n) = p. Again, from the above for-

) = p. Using

mula we have

ah,

1 —1
1 pyp—t —1
W —th—p) =p [ R
0
and the dominated convergence theorem shows that

1 J—
lim b7 (by, 1 — ) —p) :p(p—l)/ sds = w
0

n—oo

Therefore, using lim (b2 /n) = p, we get

. p—1
Jim n(byy, =0 —p) = =5~
or,
p—1 1
bﬁ+1—b£=p+2n+0<n)

Recalling that 1+ 3 + -+ + =logn + O(1), it follows:

-1 —11 1
b’;:anrp logn 4 o(logn) = pn 142 LRI (a1
2 20 n n
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So
~11 1 —i/r
R (N
20 n n
( )71/p 1 pfllogn_k logn
= (pn — 0
P 2p2  n n
1 —1 logn logn
pLppi/e — 2p2+1/p pl+i/p to\ i
Thus
_ ~1/p|? ~ ﬁ
an = (np) ‘ na(1+1/p)

and the series > |(pn)’1/p - an|q converges if and only if ¢(1+ 1/p) > 1 or equiv-
n=1

alently ¢ > p/(p+1).

Solution 2 by Michel Bataille, Rouen, France. By an easy induction, we
obtain a,, > 0 for all n € N. It follows that a,4; < a, for all n € N so that
{an}n>1 is decreasing and bounded below, hence convergent. Its limit ¢ satisfies

= He,ﬂ hence £ = 0. If p = 1, then a, = X for all n € N (by induction) and

q
o |(pn)~ - an| is defined only for ¢ > 0 and vanishes for all n > 1 and all

q
g > 0. Thus, for p = 1 the series Z (pn)~ 5 —ay| is convergent if and only if

g > 0. Now, we suppose that p # 1 Let f(x) = 1157 and let b, = a,P. Since
f(z) =2(1 — 2P + 2% + o(2?P)) as * — 0T, we have, as n — oo,

bust = (Fan)) ™7 = (an — a2 4+ a2 4 o(a2rH1)) 7
1
= a;p(l +pafl — paip + % aip + O(Gip))
-1
= bytp+ 2%aﬁ +o(ah).

We deduce b,y1 — b, ~ pand byy1 —b, —p ~ plp— > 1)a” At this point, we

shall use the following form of Stolz’s Theorem: if w, ~ wv, > 0asn — o
n n

and the series ) ., vy is divergent, then )  up ~ > vy as n — oo. From
= k=1 k=1

bpt1 — by ~ p, we then deduce b, ~ np, that is, a? ~ nip as n — oo. It follows

that by41 —bp —p ~ prl . % and a second application of Stolz’s Theorem gives

by, —np ~ 2523 T~ 2=L1n(n). It follows that

-1/p

an = b = (np P+ o(ln(n)))

— (np) (1 _po L ), o((ln(n))/n))

2p n
1

= )7 S olal) )
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where we set o« = 2= As a result,
2p2+P
L ()
o) —an|" ~ ol T

as n — oo. From known results about Bertrand’s series, we deduce that the series
ni; (pn)_% —an ! is convergent if and only if ¢(1 + %) > 1ie ¢q > 1%. In
conclusion, convergence occurs if and only if (p = 1 and ¢ > 0) or (p # 1 and
q> p+1)

97.Let n € N*, and for an integer k such that 1 < k < n let ng be the remainder on
euclidean division of n by k. Finally, define p,, to be the probability that n; > g
Calculate p,, and find lim p,.

n—oo

(Jozsef Wildt IMC 2016)

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria.

Let ¢ = L%J so that n = gk + ng with 0 < ng < k. Now, if ng > k/2 then
2n = (2¢+ 1)k +2ng —k with 0 < 2np —k <kso2¢+1= L%"J or equivalently

|22| —2|%] = 1. On the other hand, if n, < k/2 then 2n = 2qk + 2n; with

0<2n, <kso2q= L%"J or equivalently L%J -2 L%J = 0. We have proved that

{QnJ _2{§J )1 ifng <K/2
k k1l )0 ifn, <k/2
It follows that

Card{1 <k <n:ny > k/2} =Zn3<{ J {ZD: n1<2{:}_{2/:}>

k=1
(where {x} is the fractional part of z). Consequently7
1« n 2n 1 k
= — 2l 2L _ )20l i

where f(z) = 2 {%} — {%} So, p, is a Riemann sum of a Riemann integrable
function, (because f is bounded and continuous on (0,1) \ {%,j € N*}). It follows

that
nllnéop”: f( \da /°° 2{t} {2t}dt / {}dt_/ {2t}dt
—9 {t}dt—Q/ {} u=2 {;}dt=2/2t_1dt

1 t2

2
= {2 logt + t} =2log2 — 1= 0.386294.
1
Solution 2 by Michel Bataille, Rouen, France. Let |a]| denote the integer
part of the real number a and {a} = a— |a] its fractional part. Since ny =n—|%|k,
it is readily seen that the condition n; > g is equivalent to 2 {%} > 1. Observing
that 0 < {a} < 1 for all positive real a (so that 0 < 2{2%} < 2), we finally obtain
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that n;, > & when |2{%}| =1 (and nx < & when [2{%}] . It follows that

the number of k € {1,2,...,n} such that n; > g is equal to Z {2{ }J and so

:II

To evaluate hm Pn, we consider the function f defined on [0,1] by f(0) = 0 and

fl@) = |2{L }J if € (0,1]. The number p,, is a Riemann sum attached to this
function f. If m is any pos1t1ve integer, we have f(z) = 0 for x € ( L] and

+ 1om

fl@)=1for z € (m+1’ m+ —]. Thus the points of discontinuity of f are all in the
set formed by 0 and the numbers Ev #4—% (m € N). Thus, f is continuous almost
everywhere and bounded, hence Riemann integrable on [0, 1]. As a result, we have

_ 1 0 1/(m+1/2) o0 1 1
Jim p, = Of(r)de/l/( o l'dxz<m+§m+1>'
m=1 m m=1

Now, if N is a positive integer, we have

1 1
= 2(H. —-Hy—-1)—(H —1)=2H. -2y —1— ——
(H2n+1 5 1IN )= (Hy41—1) 2N+1 N N1
N
where Hy = ) 7 is the Nth harmonic number. Since Hy = In(N) 4+ v + o(1) as
k=1

N — oo (where v is the Euler constant), we obtain

nler;Opn = A}E)noo (2[ln(2N +1)+y—In(N)—v+o(1)]—1—- N:—l) = 21In(2)—

Also solved by Albert Stadler, Herrliberg, Switzerland; Paolo Perfetti,
Department of Mathematics, University Tor Vergata, Rome, Italiy. and
Arkady Alt, San Jose, California, USA.

98. Let (zp)n>0 be the sequence defined inductively by x,42 = Tpt1 — 1xn with

itial t =2 and z; = 1. Find
initial terms zg and z; in Zln—i—Q

(Jozsef Wildt IMC 2016)

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. A simple verification, by mathematical induction
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shows that z,, = 4 -2-(n*+2)/24jy % for n > 0. It follows that

=z, . sin(nm/4) =1 (ei”/‘l)n
—4. 3" 20 4 Sl
T4+i =1 /1+i\"
:4 & — —_
(25 ()
142
=-2—-4-%(Log(1-— 5
—24%(?)—772,
where Log is the principal branch of the logarithm. Finally, Z Tn__ m™—3.
n:1n+2

Solution 2 by Julian Spahr (student) and Angel Plaza, University of Las
Palmas de Gran Canaria, Spain. Since the roots of the characteristic equation
are a = % — % and b = % + % and taking into acount the initial values ¢ = 2 and
r1 = 1, it follows that x,, = a™ + b".

Since |a| = |b] = %, the series expansions ), - (az)" = —— and > ons0(b2)" =

=5 are valid for |z| < v/2, and for |z| < v/2 we may add and integrate so

oo

a" +bn _ . n n n+1 _ /1 z z
Z n+2 /Z(a +67) 2" dz = 1—az+17bz dz
0 n—0 0

1
n=0
! 4
/0 (—2 + 22—22—|-2> dz = [-2z — 4arctan(l — z)](l)

= 24
Therefore, the proposed sum is i In_ _ -1+ i " + 5 = 7w — 3. Let us
’ Prop —n+2 o — n+2 o ’
consider the sum f(z) = i G for z €, with |z] < 1. Then
— n+2

f(2)

Il
Nw‘ —_
[~
ISTIRNS
+| 3
[N) [\

I
=

gk
ﬁ

g

3

t

oW

g

1+ 1
Since In(c + di) = Inv/c? + d? + i arctan(d/c), then In ( —2H> =In (\/?) +

and In 1 =In L — ﬁi. Therefore
2 V2 4

~ T, (14 1—dY)
n=1n+2f( 5 )-i-f( 5 >7T—3.
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Also solved by Albert Stadler, Herrliberg, Switzerland; Michel Bataille,
Rouen, France; Paolo Perfetti, Department of Mathematics, University
Tor Vergata, Rome, Italiy.

99. Find all functions f : N — N such that
mn - (f(m) —nm) - (n — f(n?))

is a square for all m,n € N.

(Proposed by Valmir Krasniqi, Departament of Mathematics, University of
Prishtina, Republic of Kosova.)

Solution by PCO - AOPS. Let g(m,n) = mn(f(m) — mn)(n — f(n?)), then
g(1,1) = —(f(1) — 1)? can only be a perfect square when f(1) = 1. If f(n?) =n
Vn € N, we get a first trivial solution : f(n?) = n,¥n € N and f(m) is any value
when m is not a perfect square.

Suppose now that Ja such that f(a?) # a (a — 1)2g(m,a) = (1 — a)m(f(m) —
ma)g(1l,a) and, since both g(m,a) and ¢g(1,a) # 0 are perfect squares, we get
4(a — 1)m(am — f(m)) is a perfect square. This may be written (2ma — m —
f(m))? — (f(m) — m)? is a perfect square Vm. If infinitely many such a exist,
this implies f(n) = n¥n which indeed is a solution. Suppose now that 3 finitely
many a such that f(a?) # a. So f(n?) =n Vn > M for a given M. Let then such
n > M, then (a—1)%g(n?, a) = n®*(a—1)(an—1)g(1,a). And since both g(n?, a) and
n%g(1,a) # 0 are perfect squares, we get n(a — 1)(an — 1) perfect square Vn > M.
Which is clearly impossible, since a # 1. So no more solutions.

Also solved by the proposer.
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MATHNOTES SECTION

The evaluation of a special fractional part integral with an
integrand raised to positive integer powers

CORNEL IOAN VALEAN

Abstract. The present paper is about calculating in closed-form the following
class of special fractional part integrals

[ L (GHEHE) e

where {z} is the fractional part of x and n is a positive integer. We show the
value of the integral reduces to a sum involving specific values of the Riemann zeta
function.

Keywords: Fractional part integrals, Leibniz integral rule, Riemann zeta function.

1. INTRODUCTION AND THE MAIN RESULT

Let n be positive integers and I,, denotes the integral with fractional part of power

we L GHEHED o

where {z} denotes the fractional part of z.

The aim of the present paper is to calculate in closed-form the proposed triple
fractional part integral with integer powers. We will show that its closed-form can
be expressed in terms of specific values of the Riemann zeta function.

We state below the theorem we are going to prove.

Let n > 1 be a positive integer. Then the following equality holds:

= [ (GHEHE)) oo

3 . : .
:1—m24(z+1)+(n+1—n+2 (Zg z+1> (Z(z+1)§(z+2)>,

i=1 i=1

where ((k), k > 2 denotes the Riemann zeta function at positive integer values, and
it is defined by

1 1 1
27: +37k+”'+ﬁ+”"

Before we prove Theorem |I| we collect some results we need in our analysis.
Next we prove the following lemma which is used in the proof of Theorem

Lemma 1. Two special fractional part integrals
Let n > 1 be an integer. The following equalities hold:
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1 n
(CL) In,n:/o l‘n{i_} _1_7ZCZ+1

1 n
(b) In+1,n:/0 x”*l{;} dxim;(i+l)g(i+2).

Proof. (a) We start with the change of variable = 1/y, and then we have that

[ {8 e

k+1 —n ) N
kz_: / {y}"dy

c- - n 27
/ *(y — [y))"dy 1)
k+1
/ 771 2 y k) d
Jn,n,k

where we denote the last integral by J,, i, where Jg . = fCCH 27 2(z — k)da.
Integrating by parts, we obtain that

k+1 —n—1\"' —n—1
) n ) n
Jn,n,k - _/k ( ) (y - k) dy = - (y - k)

n+1 n+1

y=k+1 n k+1
+ /k y "y — k)" My
y=k °

- ! +—
(n+1)(k+1)ntl g1 b bk

whence
1 n

A DR+ D™ gl

Jn,n,k = - Jn—l,n—l,k’

or rearranging, we get that

1
(n+1D)dnnk —ndpn1n-1k = NCESES
If replacing n by 4 in the relation above
(t+1)J i, !
{ ik —vWi-1i-1k = 73 T
ik 1i-1,k (k+1)i+1

and then give values from i = 1 to n, we get by the telescoping process that

1 ~ 1

k(k+1) ; (k +1)i+1

(Tl + 1)Jn,n,k =

or

n

1 1 1
= _— B . 2
Ik k(k+1)(n+1) n+1 ; (k4 1)i+1 (28)
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Now, we use in (27), and then we get that

n

> 1 1
;(k(kJrl)(nJrl Z k+11+1>

k z=1
1 oo 1 o0 n
= 29
n+1 kZ:lk(k—i-l n—l—lkZ:l; k—|—1z+1 (29)

_n+1.

i=1
and the part (a) of the lemma is proved.
(b) Following the same steps as in the part (a) of the lemma, we get that

1 n )
1
In+l7n:/ x"“{} dfc—/ y "yl dy
0 x

oo

k+1
= / y "y} dy

oo

k+1
=Z/ -y Y

00 k41
= Z/k y "Ry — k)" dy
k=1

JnJrl,n,lc
where we denote the last integral by Jy,4+1,n %, where Jg 3 . = fCCH 279 2(x—k)dz.
Integrating by parts, we obtain that
y=k+1 n k+1
) A R
k

k+1 y7n72 4 yfn—Q
Ttk = — ~k)rdy = — — k)"
ane== [ (M) b=k
1 n

C(n+2)(k+ 1)n+2 e

Jn,nfl,k:

whence L
n
J _—
e P TR ) e

or rearranging, we get that

Jn,n—l,k

n 1
Intingk — ——=JInn— = - .
Fhmk T e bR T T ) (ke + )R
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Multiplying both sides by (n + 1)(n + 2), we get that

n+1
(n+2)(n+ DJngine — (n+ Dndpp1r = N,
If replacing n by i in the relation above
. . . . 1+1
(@ +2) @+ D i = (4 Didiimik = =g y7e
and then give values from i = 1 to n, we get by the telescoping process that
1 1 it 1
2 Dty = — — ———— — ‘
(n+2) (4 Dnsinn = 13 (k+1)2 ; (k + 1)i+2
or
1 1 1 i+ 1
Jn n,k = - — —
Tk T 2 (n+ 1) <k2 (k+1)2> (n+2 ; k+1)i+2

(31)
Now, we use in 7 and we get

1 1 n
Intin = / ! {} dzx
0 :,L.

k+1
= Z/ y "y — k)"dy
k
= Z Jn—i—l,n,k

Nt 1 1 1 1 i+1
:Z<(n+2)(n+1) (kQ_ (k+1)2) T (n+2)(n+1) Z k+1)i+2>

i=1
n

> 1+ 1
_(n—|—2 n+1) ;; k+ 1)i+2

\_/

1 1 1
- (n—|—2)(n+1)z(k52 (k+1)2

n

" (n+ 2)1(n+ ) (n+ 2)1(n+ 1) & i ﬁ
e 2)1(n Y R 2)1(?1 gy :1“ FHE+2) - 1)
- <n+2>1<n+ Dl (n+2)1(n+ D ? FeE+2)+ W@ +1)
= % - Wé(i—k 1)C(i +2).
and the second part of the lemma is proved. O

Now we are ready to prove Theorem [I]

Proof. By letting the variable change x/y = u, we get that

e [ (G o) [ ([ (o[ ({2} {5 ) ) ) o



548
and after changing the integration order
1 1/y 1 n
e [l UL (o)) o)) o
0 0 0 Z uy
we make the change of variable z/y = t, and we get that

a [ L[ (O o)

Now, recall the Leibniz integral rule (see [1])

9 [k b(2) of 55 o
&:/a(z) [z, z)de = /a(z) Ed:zc—&-f(b(z)w)g —f(a(z),z)£7

where applying the mentioned rule for a function of the form g(z, z) = f5($) fly, 2) dy,
we obtain that

2 ( / amQ(z,x)dz) -3 ( / " ( / " f(y,z>dy> dz)

o b()
= aax(b(x))/o fb(z), z)dz + ({%( (;U))/O F(y, a(x))dy.

Using this result in (32) where we apply the integration by parts, we have that
zn:/;<<y;>’/:” </;“ (L)) ) o)
Jal 25 [ (07 (L (fiHe)) ) ) o
/</:<{ QIO
M CIRIO )
AL ([ &) oo (o) o)
AL )
AL (o)) w)ansd (s ({1 @) ancs

where we used that the limit tengls to 0 since
0< fl/y (fl/y ({ }{ }{t}> dt) du < 5, and then

o< ([ (D))o

wlw
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Now we make the changes of variable uy = w in the second integral and ty = z in
the third integral, and then we get, for the second integral, that

LU oGl an)ar= [ (] (0 {5HE}) ar)
[ (SR o)

(33)
and for the third integral we obtain that

Using (33) and (33) in (

MWG}{D>M%K@VG$EDW%y
L (R e

=AQuGJ&D®)

where above we used the fact that all three integrals are equal, and to see that it’s
enough to change the integration order in the first and second integrals. (]

*), we get

Next, we split the last integral, and we have that
1 1 n
e f (e ((HE) )
0 0 t U
1 t 1 n 1 1 n
= L (R an)ors (L ((EHE)) o)
o \Jo t) \u o \Ji t) \u
(35
If making the change of variable ¢/u = v in the first integral from , we get that
1 t n 1 0o yn+1 n
/ /u” e du dt:/ / t— 1 v dv | dt
0 0 t u 0 1 Un+2 t
1 1
v::1/5/ </ thrlsn <{1}
0 0
1
S

~+

1 , 1 ~
- (1—n+124(z+1)> (2—(n+2 a0 ;Hl z+2>

(36)
where we used both results of the Lemma 2.
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For the other integral in (35]), we have that
1 1 1 t n 1 1 1 n
[ (EHE) a)ar= [ () oz} o)
0 t 3 u 0 t 13
1 1 n
:/ (l—t)t"{} dt
0 t
1 n 1 n
:/ t"{l} dt—/ t"“{l} dt
0 3 0 13

1 1 -

: : 1
:§+m2(2+1)4(2+2)—m;C(z—kl).

i=1
(37)
Hence, plugging and in , we obtain that

3 N 1 — . :
7, = 1—m ;C(ZHHW (; i+ 1)> <Z(z +1)¢(i + 2)) .

i=1

Editor’s comment: Lemma 1, parts a and b are not new. Part (a) is Problem
2.21 on page 103 in [2] and part (b) appears, in a more general form, as part (a) of
problem 2.22 on page 103 in [2].

REFERENCES

[1] Abramowitz, M. and Stegun, I. A. (Eds.). Handbook of Mathematical Functions with For-
mulas, Graphs, and Mathematical Tables, 9th printing. New York: Dover, p. 11, 1972.

[2] Ovidiu Furdui, Limits, Series and Fractional Part Integrals. Problems in Mathematical Anal-
ysis, Springer, New York, 2013.

Cornel Ioan Valean
Teremia Mare, Nr. 632, Timis, 307405, Romania
E-mail: |cornel2001_ro@yahoo.com


mailto:cornel2001_ro@yahoo.com

551

JUNIOR PROBLEMS

Solutions to the problems stated in this issue should arrive before June 19, 2017.

Proposals

61. Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam. Given
a tetrahedron A;A;A3A4 with the volume V, let I and r be incenter and inradius,
respectively. Denote by \S; the area of triangle opposite to vertex A4;(i = 1;2;3;4).
Prove that

4
2
ZSJ/Q:% S AAjsin Z(A;, 4y),
n—1 1<i<j<4

where Z(A;, A;) is the dihedral angle at edge A;A;.

62. Proposed by Daniel Sitaru, Mathematics Department, Colegiul National Eco-
nomic Theodor Costescu, Drobeta Turnu - Severin, Mehedinti, Romania. Let be
AA" € (BC);B',B" € (AC);C",C" € (AB) in AABC such that AA'N BB’ N
CC'" # () and AA”" N BB" N CC" # 0. Prove that

27[A'B'C] BA  CB  AC'\®
[A//B//C//] S + ’

BA" T opr T Ac
where [ABC] is area of triangle ABC.

63. Proposed by Leonard Giugiuc, National College Traian, Drobeta Turnu Sev-
erin, Romania. Let a,b,c € R. Prove that

e

9v2(ab(a — b) + be(b — ¢) + ca(c — a)) < V3 ((a=b)*+(b—0c)?+(c—a)?)

64. Problem proposed by Arkady Alt, San Jose, California, USA. Let A (z,y, z) :=
2(xy +yz + 22) — (2% + y* + 22) and let a,b, c be sidelengths of a triangle with
area F. Prove that

65. Proposed by Dorlir Ahmeti, University of Prishtina, Department of Mathemat-
ics, Republic of Kosova. Find all function f : N — N such that mf(n) + f(m) is
divisible by f(m)(f(n)+ 1) for all m,n € N.

Solutions
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56. Proposed by Valmir Krasniqi, University of Prishtina, Republic of Kosova.
Find all functions f : N — N such that f(m!+n!)|f(m)!+ f(n)! and m + n divides
f(m)+ f(n) for all m,n € N.

Solution by Dorlir Ahmeti, University of Prishtina, Department of Math-
ematics, Republic of Kosova. Taking m = n in second condition we have
n|f(n). Let be p very large prime number. Now, from Wilson theorem, we have
(p — 1)!' 4+ 1 = 0(modp). Hence from first relation and last relation we have

plf((p =D+ DIf(p— D!+ f(1)!
Now, since p is very large, then we have that ged(f(1),p) = 1, so we can’t have
f(lp—1) > p which means f(p—1) <p-—1.
Now taking m = p — 1 in second relation and using last relation we have

p—1l+4+nlp—1+f(n)=p—1+n|f(n)—n

Since p is very large the only possible last raltion to be true is f(n) —n =0,

so f(n) = n for every positive integer n. We prove to two relation and we see this
is only solution hence done.

Also solved by the proposer.

57. Proposed by Angel Plaza, University of Las Palmas de Gran Canaria, Spain.
Let 1, x2,...,2, > 0, with the assumption x,; = x1. Prove that

2
Sor_y Tk < 1 z": T} + g1 + Thyq - S, s
n n 3 - n

k=1

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria.

We consider C™ equipped with the usual scalar product (-, -) and the corresponding
norm || - || defined by

n

n
(wo) = wpve, |l = il
k=1

k=1

Now, consider the real vectors

T1 T2 1
T2 T3 1
X = R N
Tp—1 In 1
Tn T 1
and let Z = X — jY with j = e¥™/3 = -1 4 z@ Clearly we have (1,7) =

(>r_y k) (1 —j), hence
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. . 2
Moreover, since |z — jipp1|” = 2} + Tp@ps1 + 27, we conclude that

n

1Z]? = (2} + zrarrs + 27 4q)
k=1

Therefore, the Cauchy-Schwarz inequality | (1, Z)[* < [|1]|2 || Z||? is equivalent to the
lower inequality.
The upper inequality is easier, since (X,Y) < || X|| |Vl = | X]?, so

S (@ + wprii + 2hy) = X)X Y) + V)2 < 3)1X)12
k=1

and the is equivalent to the upper inequality.
Remark. We only need the fact that the x’s are real. The positivity assumption
is unnecessary.

Solution 2 by Arkady Alt, San Jose, California, USA. For cyclic sum

2 2 2 2
Do T+ TRTR41 + Thgy : R S T P
we will use more compact notation ), ——————=.
k=1 cyclic 3 cyc 3

2 2 2
Noting that (T) < w — 0< (z—y)® (for any real z,y) we

1 & 22 + 320 + 23 >l n <x1+x2

obtain — >_ 5

N cyc 3 N cyc

2 ’ k :
1 n x+ e 1 & (71 + 22 21 Tk
Mean Inequality — lale)) U )
ean Inequality n %( 2 > - <n§y:¢< 2 )) ( n

r1+ Ty o+ X3 Ty + T
d(1,1,...,1
2 ) 2 ) b 2 )a’n ( b b b

2 2 2
n n 1 n
we obtain Y T1+ T2 n> (3 Tit T2 1 — = T1+ 2o >
2 2 n 2
cyc cyc cyc

2 2
1 n n 2 2 2 2
(le—i_m) = (Zkv—llxk> . Since Ty Tty < L —;—y ~— 0

2
> . By Quadratic Mean-Arithmetic

(Or, applying Cauchy Inequality to (

<
N tye 2 3 - -
o1 a2 Faae 423 122?422
(z —y)® (for any real z,y) we obtain — . ATIR T o Sy
n cyc 3 n cyc 2
n
Dk a3
-
2 2
Solution 3 by Michel Bataille, Rouen, France. Since x5+ < W#, we

have &7 + pxp1 + 5, < 3z + xi,1)- It follows that

1 o xi+xkxk.+1 +$i 1 " 1 1 &
S Es SRR I T
k=1

k=1 cyclic k=1 cyclic

S|

n
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hence the right inequality holds.
Using the Cauchy-Schwarz inequality, we obtain

n 2 n
. _ 1. Tp + Tp41
P

k=1 cyclic

2

n

2
P12 441 | 7(xk+zk+l)

IN

k=1 cyclic

Xn: (xr + l’k+1)2
4

I
3

k=1 cyclic

2 2
(zptars)? < T+ TreTh+1+T) 4

Now, the inequality 1 < 3

Tp41)? > 0. Thus,

n 2 n 2 2
Ty + TpTr+1 + Tht1
T <n
(En) =2

k=1 cyclic

holds as being equivalent to (zy —

and this gives the left inequality at once.

Also solved by Adnan Ali (student), Mumbai, India and the proposer.

58. Corrected. Proposed by Arkady Alt, San Jose, California, USA. Let P be

arbitrary interior point in a triangle ABC and r be inradius. Prove that

a? b? 2
+ + > 367

do(P) ~ dy(P) — de(P)

it d,(P), dp(P) and d.(P) are the distances from the point P to the sides BC, CA

and AB respectively.

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. (The original statement has r? instead of r, and
it is clearly not correct, because it is not homogeneous.)

Let s = (a4+ b+ ¢)/2. For ¢ > 1 we have

2
2s _ a+b—|—c< (aq;l—ﬁ-bq;l _|_cq'§1>11+1

3 3 - 3

Equivalently
1 q+1 g+1\ 2
glmagatlgatl < (a% + b + c%) .
Now, let F,, F}, F. and F represent the areas of the triangles PBC, PC A, PAB and
ABC respectively. Clearly, we have 2F, = ad,(P), 2F, = bdy(P) and 2F, = ¢d.(P).
Consequently, using Cauchy-Schwarz inequality, we have
3lmagetlgrtl < (aq2i Fo 4 c%)Q

(aqH patlt  catl

<
2F, + 2F, + 2F,

) (2(F, + Fy, + F.))

a b4 c
=2 (daw) ot dc<P>)
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Thus, since F' = sr we obtain

31_q2q8q<7‘-< ot + il + « )
=r\am "am e

Finally, using the well-known inequality: s > 3v/3r we obtain
al b4 cl

31+a/29ap0-1 < + .
=4 TP AP

For ¢ =1 we get

and for ¢ = 2 we get

36r <

da(P) " d(P) T du(P)’

which is the announced inequality.
Solution 2 by Michel Bataille, Rouen, France. Let S,, Sy, S. denote the areas
of ABPC,ACPA, AAPB, respectively, and let S = S, + S, + S. be the area of
AABC. Since for x = a,b,c we have 25, = x - d,(P), the required inequality (1)
rewrites as 5 5 5
a b c
— t — 4+ —>72 2).
S Tstsz™ O
To prove (2), we apply Holder’s inequality as follows
. . 3
a—3+ﬁ+§ (Sa+Sp+Se) (13413 41%) > | — R WLy L G VLI
Sa Sb Sc a b ¢ — 51/3 a Sl/S b Scl/S c

a b
that is,

Sa Sy S
With s = #E2Ee the latter yields

33 3
(a++c> 38> (a+b+c)

But from Heron’s formula (S = rs = /s(s —a)(s — b)(s — ¢)) and AM-GM, we
obtain

_ —b —\3 3
T25(sa)(5b)(sc)§(s a+53 +s C> s
so that s? > 27r2. Back to (3), we conclude

NI I
Se Sy ST 3r

= 72r.

Also solved by Adnan Ali (student), Mumbai, India and the proposer.

59. Proposed by Marcel Chirita, Bucharest, Romania. Solve in real numbers the
system

2% 4 2V =12
3% 447 =11
3V —47 =25

Solution 1 by Omran Kouba, Higher Institute for Applied Sciences and
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Technology, Damascus, Syria. Let « = In2/In3 € (0,1) so that the second
equation is equivalent to 2% = (11 — 4%)® and the third one is equivalent to 2¥ =
(25 4+ 4%)® the first equation is then equivalent to (11 — 4%)* + (25 + 4%)* = 12.
Now, consider f(t) = (11 —t)* 4 (25 +t)* for t € [0, 11). Clearly

fl(t) =a ((25 + t)o‘*1 — (11— t)ozfl) <0

because « —1 < 0 and 11 —¢ < 11 < 254 ¢ for t € [0,11). It follows that f is
strictly decreasing on [0,11), and since f(2) = 9% 427% = 22 + 23 = 12 we conclude
that 2 is the only solution of the equation f(t) = 12 that belongs to [0,11). Tt
follows that the equation f(4%) = 12 has z = 1/2 as unique solution. But then
2% = (11 — 4%)® = 22 and 2¥ = (25 + 47)* = 23. Therefore, the proposed system
has a unique real solution which is (z,y, z) = (2,3, %)

Solution 2 by Adnan Ali (student), Mumbai, India.

Eliminating 4%, we have the system

27 4 9V =12
3% 4+ 3¥ = 36

We prove that the only solutions for the above system are {z,y} = {2,3}. The
proof is based on the following claim: Fix positive constants a,b and k > 1, then
the equation in t:

tF +(a—t)f=b0<t<a

may have at most two solutions. Indeed, we let f(t) = t* + (a —t)* — b and observe

that since k — 1 > 0, the derivative f’(t) = k(t*! — (a — t)*~1) is negative for

t < g, vanishes at ¢ = §, and is positive for t > §. Hence f(t) is strictly decreasing
a

from 0 to § and strictly increasing from § to a, and our claim follows.

Now we let t = 2%, r =2Y and k = % > 1 so that the system is now

t+r=12
th +rk =36

Since t,r > 0, we have 0 < t < 12 and by observation {¢,r} = {4,8} are solutions.
Since we get two solutions, by our claim, we cannot have any more of them. Thus
transforming back to z,y, the only solutions of the system are {z,y} = {2,3}.
Now back to the original system (proposed one), we observe that 3¥ > 25 = y =
3=z=2and z = % Clearly they satisfy the system and so they are the only
solution, i.e. (z,y,2) = (2,3,1/2).

Also solved by Albert Stadler, Herrliberg, Switzerland and the proposer.

60. Proposed by Dorlir Ahmeti, University of Prishtina, Department of Mathemat-
ics, Republic of Kosova. Let ABC be an acute triangle. Let D be the foot of the
altitude from A. Let E, F be the midpoints of AC, AB, respectively. Let G # B
and H # C be the intersection of circumcircle of the triangle ABC with circumecir-
cles of the triangles BF'D and C'ED, respectively. Suppose that A, G, B, H,C' are
order in this way on the circle they belong. Show that line EF, HB and CG are
concurrent.

Solution 1 by Michel Bataille, Rouen, France. Let I' be the circumcircle of
AABC and O its centre. Let 7, and 7. be the circumcircles of ABF D and ACED,
respectively.We first note that AB # AC": otherwise, OD would be perpendicular
to BC and ~;, would be the circle with diameter OB (since OF 1 AB, OF being
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the perpendicular bisector of AB). As such, v, would be tangent to I at B, con-
tradicting G # B. Since AB # AC, O is not on AD and so the tangent ¢ to I at
A is not parallel to EF. Let K be the point of intersection of ¢t and EF', 7, be the
circle with diameter OA (which passes through F and F) and I the inversion in the
circle with centre K and radius K A (so that I(A) = A). Since 7, is tangent to I" at
A, K A% is the power of K with respect to I and to v, and so I(T') =T, I(74) = 74
and I(E) = F (since E,F € v, and KE - KF = KA?). Since AD L DB, the
midpoint F' of AB satisfies FA = F'B = F'D so that the centre I of 7, is on the
perpendicular to BC' through F. It follows that I[F' 1| FE and so 7, is tangent
to EF at F. Similarly, v, is tangent to EF at E. Also, the line EF being the
perpendicular bisector of AD, we have KD = KA, hence I(D) = D. We deduce
that I(v.) is a circle which is tangent to FF at F' and passes through D, that is,
I(v.) = 1. Now, I(C) is on I(I') = T" and on I(7.) = v, hence I(C) = G or B. But
the latter cannot occur since CB does not pass through K. Thus I(C) = G and so
CG@ passes through K. In a similar way, I(H) is on I" and 7, and I(H) # G (since
G =1I(C) and C # H), hence I(H) = B and H B passes through K. In conclusion,
EF,HB and GC are concurrent at K.

Solution 2 by Andrea Fanchini, Cantu, Italy. We use barycentric coordinates
and the usual Conway’s notations with reference to the triangle ABC.

As we know, for the remarkable points D, E, F' we have the followings coordinates

D(0:Sz:5), E(1:0:1), F(1:1:0)

o Clircumcircle of the triangle BFD.
We impose that the circle passes for the three points B, F, D and we find that the
equation of the circumcircle is

2

a’yz + b2 zx + oy — (x+y + 2) (C2x + Scz> =0
now the center is the point J(25? — a?c? : 25% 4+ 2S¢ : ¢2Sp) and the radical
axis between this circle and the circumcircle of the triangle ABC has equation
BG : Pz + 250z =0.
e Coordinates of point G. We denote with K the intersection point between the
radical axis BG and the line that passes for J and that is perpendicular to BG, we
find K (25¢(b% — %) : 25¢(3b% — 2¢2) + a?c? : —2(b? — ¢?)).
Then the point G is simmetric of B respect to K, therefore it is

G (25c(b” — ?) : 20°Sc + =2 (b® — ¢?))

e Coordinates of point H.
Following the same procedure and using the cyclicity, we find that the point H has
coordinates

H (28p(c? = b%) : —b*(c* — b?) : 2¢°Sp)

e Fquations of lines EF, BH and CG.
We have easy that

EF:zc—-—y—2=0, BH : Px+ (b —?)z =0, CG: v’z + (2 -y =0
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Now the three lines EF, BH and C'G are concurrent if and only if
1 -1 -1

c? 0 VP—c? | =0
b? 2 —b? 0

that it is true as we can easy check.

Also solved by the proposer.
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