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Solutions to the problems stated in this issue should arrive before
July 15, 2015

Problems

110. Proposed by Henry Ricardo, New York Math Circle, New York. Find the sum
oo

1
Z p(n)’ where p(n) = n(3n — 1)/2 is the nth pentagonal number.

n=1

111. Proposed by Moti Levy, Rehovot, Israel. Let m, n be integers. Show that if
n > m > 0 then

n n

x y Z" 3/ 1\ ™

+ + >-|\—
Ty oy 2™ T 2\ /3
where real x,y,z > 0 and zy + yz + zzx = 1.

112. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. Calculate

1
/ In? vz — V1 — z|dz.
0
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113. Proposed by Omran Kouba, Higher Institute for Applied Sciences and Tech-
nology, Damascus, Syria and Anastasios Kotronis, Athens, Greece (Jointly). Let
m,n,p be positive integers with m > n and H,, = 1 + % + -+ % the m-th
Harmonic Number with Hy := 0.

Show that for the values of m,p,n for which the denominators do not vanish, the
following equalities hold:

Syt DIy o Hos) ) B T~ )

Pt (m+n—Fk)(,24",) (m+n—Fk)(2"h)

114. Proposed by  D.M. Batinetu-Giurgiu, “Matei Basarab” National College,
Bucharest, Romania, and Neculai Stanciu, “George Emil Palade” School, Buzdu,
Romania. For m a positive integer compute

i (oo £ 102

115. Proposed by Florin Stanescu, Serban Cioculescu school, city Gaesti, jud.
Dambovita, Romania. Determine the matrices X1, Xs,..., X9 € M5(Z) such that

X Xg 4+ Xg = X2+ X2+ + X2 +18- 1,
and det X =1, for k =1,2,...,9.

116. Proposed by Mohammed Aassila, Strasbourg, France . A positive integer N is
called deficient if the sum of its divisors is less than 2N : ¢(N) < 2N. It is called
abundant if o(N) > 2N. Prove that there exists an integer k& € N\ {0} such that
the numbers
k+1, k+2, k+3, ---, k+2015
are all abundant. Prove that there exist infinitely many integers & € N\ {0} such
that
E+1, kE+2, k+3, k+4 and k+5

are all deficient.
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Solutions

No problem is ever permanently closed. We will be very pleased considering for
publication new solutions or comments on the past problems.

103. Proposed by Ovidiuv Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. The Glaisher—Kinkelin constant A is defined by

TL2 n
A= lim n~ 7 "F me T 5 H kP = 1.28242 71291 00622 .

n— o0
k=1
Prove that
= 1 1 1
(a) ;(nzlnn — 23n>—2+ln\/27r21nA

L - A2
(b) /0 xw(x)dx—lnﬁ,

where v denotes the Digamma function.
Open problem. Calculate, if possible, in terms of well-known constants the inte-

1
gral / wkw(aj)dx7 where k& > 3 is an integer.
0

Solution 1 by Haroun Meghaichi(student), University of Science and
Technology, Houari Boumediene, Algiers, Algeria. Note that by using the
Digamma series representation, we get

1 1 o)
1 1
2 d :/ D d
/Omw(:r) v 0 v x+n Tn ontx v
SRR Y
3 2+Z</0 n a:Jrndx)

n=1
)

TRt og) o

the integral-sum interchange is justified by the normal convergence of the series.
Then we only need to solve the part (a) to deduce the solution to the part (b). let
the partial sum (of the proposed series) be S,,, we have

n 1 n
Zk21 ki:ZkH 2 In(k+1) — k*Ink —2(k+ 1) In(k + 1) + In(k + 1)
k=1
n+1
=(m+1)°hmn+1)+hn+1)!-2> knk
k=1
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Let us return to the definition of the Glaisher constant and apply the natural
logarithm on both sides, we get

- n? n 1 n?
anf;klnkf <2+2+12>1nn4+A+0(1)

And Stirling approximation asserts that
Inn!=(Mm+1/2)Inn —n+1Inv2r+ o(1),

and we know that H,, = In(n + 1) + v + o(1), combining this three asymptotic
expansions in the expression of S,, we get

H, n? 9
Sp = 3 "3 +(n+1)*In(n+1)+In(n+ 1)! — 2ap41

2
_w_%+(n+1)zln(n+l)+ (n—|—2>ln(n+1)—n—1

3
9 13 (n+1)?
+InvV2r—(n +3n+€ ln(n+1)+T—2lnA+0(1)

-1
2

Which proves (a), now we use

+lnv2r—2lnA - % + o(1).

) to prove (b) we have

(1
/l 2() do = L — & <_1+1 Var —2In A 7) I 4
X X X - — —_— n m™ — n — = = 1n .
0 2 2 3 2

Solution 2 by Moti Levy, Rehovot, Israel.

Reference: H. M. Srivastava, Junesang Choi, ” Zeta and q-Zeta Functions and
Associated Series and Integrals”, Chapter 3, Elsevier, 2012.

(a) By the Taylor series expansion of In (1 4 ),

n+1 1 2 (-

k=1

IRV RS (D" 1 1 1
S (B )
:i<n2<1—1+13>+n2<i(_1)k+11k el
ot n  2n?2  3n ~ k n 2 3n
_ 0o n2 0o (71)k+1 1) _ 0o 0o (71)k+1 1 _ 0o ( 1)k+1 0o 1
0o o \ktl oo k41 o ik
—;4( > C(k_Q)_;( ) “’“‘2)‘,;(1@32 (k)

Interchanging the order of summation is justified since the series is absolutely con-
vergent.
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Closed forms of Z k(f% can be found in the referred book:
k=2
= (-1) e , 1 11
Z;k+2 )= ¢ (0) =20 (=1) = 5¢(0) + ¢ (=) + 37 + S Ha.

Now, Hy = % + % = % and the particular values of the Zeta function are:

¢ (0) = ~Invar,
¢ (-1) =5 ~In4,
¢ (-2) =~ 15C ).
C0)=-3,
1) =35
i(k—iQ :—1n\/%+21nA+%7+%.

k=2

(b)

The following series expression for the Digamma function is well known:

1 > T
¢($):—7—;+;m~

M8

1 1 1 1
/ 2P (z) dx = _,y/ xpdac—/ wp_ldx—l—/
0 0 0 0

After interchanging the order of summation and integration,

1 1 L e
P de = — Pdy — P=dr + /
/Oxz/J(x) T ’y/ox T / T Z x—i—k:

1
ST +Z/ YR

b
Il

(1)

e
— | dz.
“ k (x+ k)

kP

k+=x

dx.
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Now we change again the order of integration and summation,

/01 2Py () dx

1 1 & & (—1) k! 1 < 1)
-~ -z L ()P k(142
P p+k§_1(§ P +(-1) n{l+o
oo

1 o] p (_l)n k_n—l P11 (_1)7L+1 1
A (S S ey Y E

n=1

1 1 & b1 o= (=)
:_p+1v_p+z<(_l) p> nkn—P>

n=p+2

1 1 e (D)
bty ¢ B SL
p+l n=p+2 " k=1 kP
1 1 s ()" &
= ~ T 4(-1 p+ ) -
P+ 17 P (=1) 'm,Z:2 m+p 1; k™
1 Iy (R D K
= v — -+ - m
175 mzz iy )
The definite integral is expressed by an alternating sum related to the Zeta function.
Again, we use a closed form of > °_, (;li)p ¢ (m), which can be found in the ref-
erence, and obtain:

1 P p—1 . .\
[ erv@an = s Fe S (Do - X S,

poptl T = P~
For p =2,
1 1 1 l
1 H 2 -1)
2 _ 1+ 2 1\ rey ) o
[ e =g e (7)o IEERR
S (O R Y AR Ty
2 241 2
1 3 1 1 1 1
- = Cvor—2(— —mA) - (= =
2 Ty VT (12 n) 2*<2>+<12>
— V21 +2ln A —0.42143.
For p = 3,

I , , 1 1
=3+ T 0) =3¢ (=) 43¢ (-2) = 5C(0) + 3¢ (-1) = ((=2)
1 11

1 1 1 1
e V2r-3(——InA _ (-2
3+24 nv2n 3(12 n >—|—3( 47r2<(3)) 3< 2>+
— Inv2r+3InA— 4% (3) 2 —0.26402.
T
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Solution 3 by Omran Kouba, Higher Institute for Applied sciences and
Technology, Damascus, Syria. Let us define S,, by

Ui +1 1 1
— 21” = 1
> (™ o - o )

It easily seen that

m m m m

szzn21n(n+ annn—fZZn—l ——Zf
n=1

\,_/
Hp,
=m ln(m—l—l)—? me—l—nZln—l Inn — nzln Inn
m m
=m ln(m—l—l)—? me—FZ (1 -2n)lnn
k=1
2 m? 1 T
=m“ln(im+1) — — — -H,, + In(m!) — 2In Hk (2)
2 3 P

Now, recalling that
H,, =lnm+~+o0(1)
In(m!) = (m—l— ) Inm —m +lnv2r 4 o(1)
2 2

i 1 m
1 k) (Mo m lnm— —— L1ln A
n(”k) (2+2+12>nm o Hin +o(1)

we conclude from (2) that

1
Sy = m?21n (1+> —mf%+ln\/2w721nA+0(1)
m

1
=—3- % +Inv2r —2In A+ o(1)

This proves that

= 1 11 1
Z(n21nn+ —n+—>: lim Sm:—f—l+lnv27r—21nA
n

m—00 2 3

n=1
Which is (a).

Recall that the digamma function v satisfies

1 > /1 1
Plx+1)=v@)+—, Y@+l)=-—v+ -
z 7 nz:l(n n+x)

with uniform convergence on [0, 1] hence

1 1 1
“(z)de = —= 2 1)d
/Oxw(x)a: 2+/0x1/)(x+)x

oo

1 v 1 o2
- = d
2 3+7;(3n /0 T+n m)




343

But

1 2 1 1
1 1 1
/ z dw:nz/ dx+/(9c—n)dx:n21n ki) IR
0o T+Nn 0o T+mn 0 n 2

Thus

1 o0
1 1+n 1 1

2 de = —= — 1 — 2n [ = Z -
/Oxw(x)x 573 <n n{— +2 n= g

n=1

2
111\/27r+21nAln\j1ﬂ

which is (b).

Solution 4 by AN-anduud Problem Solving Group, Ulaanbaatar, Mon-
golia. (a) Let’s compute the nth partial sum:

- 1 1 1
§ 2 —
Sn <I€ log (1 k ) k 2 3k )

k=1
—Zklog(k+1)—2klogk—2k+§—§H
k=1 k=1
= +1) n 1
- k4 1)% = 2(k+1) + 1) log(k k21 k—L + g,
> ((k+1)*—2(k+1) + 1) log(k + 1 Z og 53
n+1 n2 1
=m?4+2n+Dlog(n+1) =2 klogk+logn! +log(n+1)— — — = H,
( )log(n+1) =2 klogk + log g 53
k=2
=n?log(n +1) Qikl k + logn! e Iy
=n"log(n og ogn! 5 3Hn

k=2

1 S |
=n?log(n + 1) —ZZklogk-i-(logv +<n+ >logn—n+0( ))—n—an
n

2
k=2

1 n? n 1
_ 2 i T
= <n log (1+ n) n) + log V27 2( + E klogk + ( 5 > 12) logn>
—;(Hn—logn)-i-O(?ll).

Hence,

n—oo

> 1 11
Z(nhog(l—«—)—n—i——)— lim Sn:—f-l—log\/ 210gA—f'y
n

n=1
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(b) Using the estimate in (a) and the formula ¢(z) = —y + > 7, (n%rl - ﬁ),
we have

1 1 1 2
2 2 o
dr = — d —x)d +§ d
/Oxw(x)x 7/()% a:+/0 #* —x)dz ( 3(n+1) /0 n+x a:)
7yl & 1 1 5, n+1
=0 _ - - - = —n?l
3 6+Z<3(n+1) g Fromis Ty
A N R | 1 (5. n+1l 11
= —-— — - — — _—— —_ 1 —_ —_— —
3;_:1(71 n+1 7;2::1 e, n—|—2 3n

3 6
y_1_ —1+log\/27r—210g14—1
3 2 2 3

2

A
=2log A — log v2m = log .
V2

Open problem. We propose the following conjecture.

Conjecture 1. Let k> 2. Then
1 k—1 _ ]
/ ke (z)de = —log V2 + Z(—I)JHC% log A;,
0 =
where Aj,j > 1 is the generalized Glaisher-Kinkelin constant.

Also solved by Paolo Perfetti, Department of Mathematics, Tor Vergata
University, Rome, Italy; Anastasios Kotronis, Athens, Greece; Moubi-
nool OMARJEE , Lyce Henri IV, Paris , France; Albert Stadler, Switzer-
land. and the proposer.

104. Proposed by Marcel Chiritd, Bucharest, Romania. Consider f : [0,1] :(— R a
differentiable function and let a,b € (0,1) with a < b such that / f(z)dz = 0,
0

1
and / f(x)dx = 0. We denote by M = sup,¢(q,1) |f'(z)|. Show that
b

—M.

‘ a+b

Solution 1 by Paolo Perfetti, Department of Mathematics, Tor Vergata
University, Rome, Italy. If f = 0 or sup{|f'(z)|: z € (0,1)} = +oo there is
nothing to prove. Let sup{|f’(z)|: z € (0,1)} = M < cc.

The conditions
a 1
/ f(x)dx :/ f(z)dxe =0
0 b

imply that there exist £ € (0,a) and n € (b, 1) such that f(§) = f(n) = 0. Now we

observe that
b
/ f(CU)d.T (5—77)2

4

<M
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This comes from the fact that the graph of f between a and b is inside the quadri-
lateral determined by the four straight lines

y=M(z—¢), y=-M@x-¢§), y=-M@-n), y=Mz-n)

§+n . n—¢ §+n . £—1
ST i —s ST sl
, 2 ’ 2 )’ ("7’0) ( 2 ’ 2
Therefore fa f(z)dz at most equals the area of the upper half or lower half of the

quadrilateral whose area is

and whose vertices are the four points (&, 0), (

4 4 4
The upper bound (1 + b — a)M /4 cannot be lowered because we can give examples
where a ~ band £ ~ 0, n ~ 1.

Solution 2 by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. Consider g, : [0,1] — R defined by

1 .
—1):3 fo<z<a
2a
1
Gap(t) = 3~ > ifa<z<b
1
- Ja- ifb<z<
1 2(1—b)>(1 z) ifb<z<1

One checks easily that

/ o) () = (3 -1) [ ertacs | b (5-2) s
+ (1 - 2(11_b)> /blu o) f (2)da

_ G _ a) Fla) - (21(1 _ 1) Oa f(a)da

0

+ K; - g;) f(x)]z_b | pys

r=a a

—(é—b)f(b)Jr 1—2(11_b)> blf(x)dm

0
z/abf(x)dx:/olf(x)dx

/01 f(x)dx

It follows that )
< sw |f(@)] / \Gas(z)| da (1)
0

z€(0,1)
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Now, it is an easy task to calculate fol |ga.b(z)| dz distinguishing the different cases
O<a<b§%,0<a§%§b<1,and%<a<b<1. We find

1 L/ .
[ sl = 3 |3 o] + |3 2]

So, inequality (1) becomes

1 J— J—
/0 f(x)dx]g =20+ =2 )

8 2 (0,1)

which is sharper than the proposed inequality since clearly for 0 < a < b < 1 we
have

- —a

1
2

1

Solution 3 by AN-anduud Problem Solving Group, Ulaanbaatar, Mon-
golia. From the given condition,

Jxp € [0,a] : f(xp) =0, Tx1 € [b,1]: f(z1) =0.
Then using Taylor’s formula, we have

dcay € (0,0) 1 f(x) = f(wo) + f' (ez) (z = x0) = [’ (¢ay) (2 = 70),
Aca, € (a,1) : f(2) = fzn) + [ (ea,) (@ = 21) = f' (e2,) (2 — 22).

Hence,

Vo € (0,b) : | f(2)] < Mz — o,
Ve € (a,1) : |f(z)] < M|z — zq].

Thus, we have

/01 f(z)dx

/ab f(z)dx

/Oaf(x)der/abf(x)der/blf(sc)d:c
/a1 f(:z:)der/Obf(x)dx
<s ( [ 1+ [ blf(:v)d:v>

S% (/a1|x—x1dx+/0b|x—a:0|dx>

<M<1a b>1a+b.

=572 T3 1

1

2

M.

Also solved by Moti Levy, Rehovot, Israel; Florin Stanescu, Romania
and the proposer.
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105. Proposed by Serafeim Tsipelis IToannina, Greece and Anastasios Kotronis,

Athens, Greece. Evaluate
3 arctan (1 )
E 5 .
= k241

Solution by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. For k£ > 1, let

1 1/k2 1\> 1
ek — arctan m = arctan m and T = 1 =+ ﬁ + ﬁ

and define w = v/2¢i7/8 = %\/\/5—1—1—}— %\/\/ﬁ— 1, so that

w? 1+
2o e
Now, noting that r, = 1+ O(k™2) and 6, = O(k~?) we know that the product
R =TI;2, rr and the sum © = Y77, 6, are both convergent. Moreover, using the
well-known product expansion for z + sinh z, we get

_ 0

1+ =rie

o0 2
sinh(mw) = mw H (1 + 1/:’}2) = TwRe® (1)
k=1

But
3

=1 1 > 1 103 3«
0<9<k§1+k2<;1+k2+k§k(k—1)_ﬁ<§

Thus (1) implies
7r B . B S(sinh(rw))
g T © = Arg (sinh(mw)) = arctan (%(sinh(ﬁw))
and finally

© = arctan <tan (\% V2 — 1> coth (\7/%\/ V2 + 1>) — g ~ 1.037287.

Also solved by Haroun Meghaichi(student), University of Science and
Technology, Houari Boumediene, Algiers, Algeria; Moubinool Omarjee,
Lycée Henri IV, Paris, France; Albert Stadler, Switzerland; and the
proposer.

106. Proposed by Omran Kouba, Higher Institute for Applied Sciences and Technol-
ogy, Damascus, Syria. For a > 0 and x € [0, 1] we consider

Ca+al-z)
F(a,z) = mfa .

Find the largest subset D C (0, +00) x [0, 1] such that F(a,z) > 0 for (a,z) € D.
Solution by Proposer. We will prove that

D =(0,1] x [;,1} U1, 4+00) x [0, ;] .
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Indeed, consider f : R — R, f(u) = ucothwu, (with f(0) = 1 by continuity.) Clearly,
f is even and for u > 0 we have

inhu

'(u) = cothu — —o = 2 (sm coshu—l) >0
fw) sinh®u  sinh®u u

because sinhu > u and coshu > 1. Thus f is increasing on [0, +00) it follows that

for t € R and u € [—1, 1] we have

fut) = f(lut]) < f(|t]) = £(t)
or equivalently
e2ut +1 e2t +1

Ut62ut -1 < tth —1

this is equivalent to

L+ ut (L—we) [ oppne  L+wel + (1—we™
e2t(e2t —1)(e2ut — 1) T+ud (1 —u)et

Or, by removing the positive terms:
1 1 4t 1— 2t
(62(u+1)t (A +wet + (1 —u)e > >0

e2ut — 1 14+u+ (1—u)e?
Thus,
4 2
62(u+1)t> (1+u)et+(17u)et UtZO
T+u+ (1—u)e?
Now take u =2z —1,t = lnT“ for some z € [0,1] and a > 0 to obtain the announced
conclusion.

107.Proposed by  D.M. Batinetu-Giurgiu, “Matei Basarab” National College, Bucharest,
Romania, and Neculai Stanciu, “George Emil Palade” School, Buzdu, Romania.
Let a,b € Ry and f: R — R be an even continuous function on R. Prove that:

a 1 a
/ f() dr = f/ f(z)dz.
_a b+ arctanz + Vb2 + arctan® x b Jo

Solution 1 by Angel Plaza, University of Las Palmas, Gran Canaria,
. . . . B f(z) .
Spain. Notice that summing function g(z) = v s 0 the left-

hand side integral at points  and —z, and since function f(z) is even and arctan x
is odd we have

f(x f(x
o) +g(—z) = ) —+ ) ;
b+ arctanx + Vb2 + arctan®*x b — arctanz + Vb2 + arctan® z
f(z) <2b + 2v/b? + arctan® x)
B 202 4+ 2bVb2? + arctan? x
@
b
Therefore,
¢ f(x)

dx = 1 /a (z)d
x f(x)dzx.
—a b + arctanz + V b2 + arctan2 x b 0
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Solution 2 by Haroun Meghaichi, University of Science and Techonology,
Houari Boumediene, Algeria. Note that

1 _b—l—arctan:v—\/m
b + arctan x + Vb2 + arctan® 2barctan x
1 b—+b2 +arctan®z

2b + 2barctan x

Note that the g : R — R, defined by

0 if =0
9(x) = o P TarcanTs

2barctan x else.

is continous and odd then

- ;b/aaf(x) do:+/ f(x)g(z) dz

1 a
:B/o f(z) da

=0
Also solved by Omran Kouba, Higher Institute for Applied sciences
and Technology, Damascus, Syria; Nicusor Zlota, Traian Vuia Techni-
cal College, Focsani, Romania; Albert Stadler, Switzerland; Paolo Per-
fetti, Department of Mathematics, Tor Vergata University, Rome, Italy;
Moti Levy, Rehovot, Israel; Moubinool Omarjee, Lycée Henri IV, Paris,
France; and the proposer.

[ f(@) .
x
_a b+ arctanz + Vb2 + arctan® x

108. Proposed by Omran Kouba, Higher Institute for Applied Sciences and Technol-
ogy, Damascus, Syria. Let (a,)n>1 be the sequence defined inductively by setting
a; = 1 and

n

n
+1
Apt1 = o Zakan+1_k, for n > 1.

k=1
Find ) | ane™™.

Solution 1 by Anastasios Kotronis, Athens, Greece.

n—1
We will show that a, = "—~—. For n = 1 it is obviously true. Now assume that
aj, = ¥ for all k with 1 < k < n. We have

n

n+1le=kFt (n41—kn* 1 n+1\, .
, = . — k -1 1—k n—~k
fn 1 2n ; k! (n+1—k)! 2nn! kz:‘: k (n+ "

so it suffices to prove that

. 1
Z <Tl<]|; >k:k1(n +1—k)"F=2n(n+ 1)L
k=1

For this, we start from Abel’s binomial identity

> (Z)a(a—i— bk)* (e — bk)"F = (a + o), (1)
k=0
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(see [1] for a proof) and we have

ala 4 bk)* 1 (c — bk)" 1 (¢ — nb+ b(n — k)

a(a +bk) 1 (c — bk)""* 1 (c — nb) + bzn: (Z) (n — k)a(a + bk)* (e — bk)" k1
k=0

a(a + bk)* ' (c — bk)"F 7Y ) + nbz (” L ) a(a + bk)" " (c — bk)"~F1

<n) ala + bk)* (e — bk)"F "¢ — nb) + nb(a + )" !

which yields

Qs s (g

a c—nb
k=0

or equivalently

Z < > +bk k— l(c bk)n k=1 _ 2 ((a+c)n71 7cn71)+c_1nb ((a+c)n71 o (a+bn)n71) )

Now we take the limit as a — 0 to get

— d
k— 1 n—k—1 __ n—1
2_;( ) (bk) — bk) - u

and again the limit as ¢ — nb to get

b QZ( )k;k Yn—k)"F71 = (n—1)(nb)"~ 2+dix"—1

T

For n + 1 in the place of n the above will give

Z (n—]: 1) -t +1—k)"F =2nmn+1)" !

k=1

which is what we wanted. After these, what we seek is ) < %e*”.
But it is known that for Lambert’s W function, the inverse of f(x) := ze® on

n—1
[—1,400), it is W(z) = 3,5, (772! a2 for |z| < e”! (seehttp://en.wikipedia.
org/wiki/Lambert_W_function#Asymptotic_expansions, (13)), so our sum equals

—W(—e 1) =1



http://en.wikipedia.org/wiki/Lambert_W_function#Asymptotic_expansions
http://en.wikipedia.org/wiki/Lambert_W_function#Asymptotic_expansions
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Solution 2 by Proposer. First, we will prove by induction that a, = n"~1/n!
for every n > 1. Indeed, suppose that a; = kk’_l/k! for 1 <k <n for some n > 1.
Noting that

n

1 & 1
- Z: kagani1-k = - Z(n +1—k)apt1—kak

k=1
we conclude that

n n
1
Eﬁ n+1—klaganii—p = o E n+1—k)aganyi—r + E kayany1— k)

k=1

DN

I
M= I

+1 o
o™ 2 QrAn4+1—k = An41-
Hence,
n noopk—1 n+l1-k
Upt1 :%Z(n+l—k)akan+1—k = % kk! ' (n:nl_,_lk_)k)!
k=1 k=1
T (o) ML 0
n-(n+1)! — n+1
An
But

Il
] ;
e +
I —
o |
ES

Now, we use the fact that for m > 0 we have

mi:l (m:— 1) (=)™ = ((1 - e_z)m“)(m)} o

r=0
since zg = 0 is a zero of order m + 1 to the entire function z — (1 — e=%)™+1,

Hence,

; (ni 1) (-1)FE" = —(=1)" (n+1)"


http://www.combinatorics.org/Volume_17/PDF/v17i1n24.pdf
http://www.combinatorics.org/Volume_17/PDF/v17i1n24.pdf
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and
n#i*@ k (_1)kkn_g _ 0 if ¢ <n,
n+1l-—/ -1 if £=n
k=1
So,
Ap=—(+1D)"+n+1)"" =n-(n+1)"
Replacing back in (1) we conclude that

n

(n+1
an+1:( T

~—

n+1

~—

This concludes the proof of the fact that a,, = "’1/11! for n > 1.

3

Now, since a,, ~ n?ﬁ we see that the power series Y~ | a,2™ defines an analytic
function z — T'(x) on (—1/e, 1/e) which is continuous on [—1/e,1/e]. The problem
asks for the value of T'(1/e).

Since zT"(z) = > 7, na,x™ then

2T (2)T(z) = Z <Z kakan+1_k> " = Z Nap 12",
n=1 \k=1 n=1

2T (2)T(z) = Y (n— Dapa™ = 2T (x) — T(x)

If f(z) = T(z)e~ T/ for 0 < 2 < 1/e, then one checks easily that f’ = 0. Hence
f is constant on the interval (0,1/e). This constant is 1 since clearly lim,_,o f(z) =
a; = 1. We conclude that 1 = lim,_,1 /. f(z) = T(1/e)e!~T(1/¢). Therefore, T(1/e)
is a solution of the equation yel=™¥ = 1.

Now, the function y — yel=¥ is strictly increasing on [0, 1] and strictly decreasing
on [1,00), it attains its maximum for y = 1 which is 1. So 1 is the unique solution of
the equation ye!=¥ = 1, and consequently T'(1/e) = 1, which is the desired answer.

Remark 1. In fact, we have proved that T'(z)e~T(*) = z for every z € [0,1/¢], and
since clearly T is increasing on [0,1/e], we conclude that 0 < T'(z) < T(1/e) = 1.
Hence T'(z) is the only solution in the interval [0, 1] of the equation ye™¥ = x.

Remark 2. This solution has the advantage to be elementary, in the sense that
one re-discovers the series expansion of the Tree function or Lambert’s function
T without using Lagrange’s Theorem about the series development of the inverse
function.

Solution 3 by Moti Levy, Rehovot, Israel. Let

n—1
n
= — E - > 1.
G, 9 (n — 1) e apQn—k, N

1 n—1
(n—1)a, = §nZakan_k, n > 1.
k=1
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Let A(z) =Y 77, a,2" be the generating function of the sequence (ay,)n>1.

e’} o] 1 00 n—1
E na,z" — E apz" = 3 E n E Ayt | 2"
n=1 n=1 n=2 k=1

Let B(z) =Y .7, b,2" be the generating function of the sequence (b,,),>2 where

n—1
bn: § AGnp—k-
k=1

o) oo n—1 o] oo
Z bpz" = Z Zakan,kz" = Z Z ApQp—p2"
n=2 n=2 k=1 k=1n=k+1
[ee] oo (oo} oo
= Zakzk Z A2 F = Zakzk Z amz™ = A% (2).
k=1 n=k+1 k=1 m=1
Differentiation rule for generating functions is
o0
zA' (z) = Z na,z".
n=1
/ 1 2 !
zA"(2) — A(z) = 27 (A% (2))

2A"(2) — A(2) = 2A(2) A (2)
The differential equation
2(1—A()A (2) = A(2)
is solved by standard technique,
A(z)e ) =z, A(0)=1, A(0)=0
A (2)e A3 — A(z) e 4B = k.
Setting z = 0, we get k = 1.

A(z)e 4G = 2
Clearly, > 07 lane ™ = A(L).

A (e_l) e—A(efl) — !

implies A (e7') = 1. We conclude that Y>> | aye™" = 1.

Remarks:

1) The generating function A (z) is known as the ”Tree function” T'(z). It can be
expressed by the Lambert W-function W (z).

A(z)=-W(=2)=T(z).
2) The power series expansion of the Lambert W-function, leads to

nnfl

n>1.

Ay = |
n:

Also solved by Albert Stadler, Buchenrain 61, Herrliberg, Switzerland
and AN-anduud Problem Solving Group,Ulaanbaatar, Mongolia .
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109. Proposed by Sava Grozdev, Institute of Mathematics and Informatics - BAS,
Sofia, Bulgaria, and Deko Dekov, Stara Zagora, Bulgaria (Jointly). Let H be the
orthocenter of AABC'. Denote by O,, O, and O, the circumcenters of triangles
HBC,HCA and HAB, respectively. For any point P in the plane of AABC,
we denote by P,, P, and P. the reflections of P in sidelines BC,C'A and AB,
respectively, and we define the following property:

(P) The lines O, P,, Oy P, and O.P, concur in a point.
Find five named notable points of AABC which satisfy property (P).

Solution by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. We will use the notation ®(XY Z) to denote
the circumcircle of AXY Z, and Sxy to denote the symmetry with respect to the
line XY.

It is well-known that the A’ = Spc(H) € ©(ABC), so ®@(ABC) = o(A'BC)
and consequently Spc(©(ABC)) = ©(HBC). This implies that O,, the center of
O(HBC), is Spc(0O) where O is the circumcenter of ®(ABC). Similarly, O, =
SCA(O) and OC = SAB(O).

Thus, if ¢ denotes the line OP then

OaPa = SBC(€)7 Obe = SCA(K), OcPc = SAB(‘g)

Now, a famous theorem by Collings [S.N. Collings, Reflections on a triangle, part
1. Math. Gazette, 57 (1973) 291-293], asserts that the lines Spc(£), Sca(f) and
Sap(¢) concur in a point if and only if ¢ passes through the orthocenter H of
AABC. So, (P) holds if and only if ¢ = OH which is the Euler line. This reduces
the problem to finding five named notable points of AABC that belong to the
Euler line of this triangle. Well, there are the centroid, the orthocenter, the nine
point center, the Longchamps point, the Shiffler point and the Ezeter point.

Also solved by Adnan Ali, India; Andrea Fanchini Cantt, Italy and the
proposers.
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MATHCONTEST SECTION

This section of the Journal offers readers an opportunity to solve interesting and el-
egant mathematical problems mainly appeared in Math Contest around the world
and most appropriate for training Math Olympiads. Proposals are always wel-
comed. The source of the proposals will appear when the solutions be published.

Proposals

75. Let f : N — N be a function from the positive integers to the positive integers
for which f(1) =1, f(2n) = f(n) and f(2n+1) = f(n) + f(n+ 1) for all n € N.
Prove that for any natural number n, the number of odd natural numbers m such
that f(m) = n is equal to the number of positive integers not greater than n having
no common prime factors with n.

76. Let a,b,c,p,q,r be positive integers such that a? +b? + " = a? + 0" + P =
a” +bP 4+ . Prove that a=b=corp=q=r.

77. Let I be the incenter of AABC and let H,, H, and H. be the orthocenters
of ABIC, ACIA and AAIB, respectively. The line H, Hj, meets AB at Xand the
line H,H,. meets AC' at Y. If the midpoint T" of the median AM of AABC lies on
XY. Prove that the line H,T is perpendicular to BC'

78. Let n € N, n > 2 and suppose aq, as, ..., as, is a permutation of the numbers
1,2,...,2n such that a1 < a3z < .... < ag,_1 and asay... > as,. Prove that

(a1 — a2)2 + (as — a4)2 + ...+ (agp—1 — agn)2 > nd.

79. Let M ={1,2,...,2013} and let I" be a circle. For every nonempty subset B of
the set M, denote by S(B) sum of elements of the set B, and define S(&) =0 ( @
is the empty set ). Is it possible to join every subset B of M with some point A on
the circle I" so that following conditions are fulfilled:

1. Different subsets are joined with different points;

2. All joined points are vertices of a regular polygon;

3. If Ay, Ao, ..., A} are some of the joined points, k > 2 , such that A;As... Ay is a
regular k — gon, then 2014 divides S(A41) + S(A2) + ... + S(A) ?
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Solutions

70. Find the minimum real number k such that the inequality
(ab+ ac+ ad + be + bd + cd) + 4dabed < 2(abe + bed + cda + dab) + k
holds for all positive real numbers a,b, c,d whichs are satisfying the equality

a+b+c+d=1

(Proposed by Ilker Can iek, Turkey)

Solution by by Paolo Perfetti, Department of Mathematics, Tor Vergata
University, Rome, Italy.

The right value is 17/64 and corresponds to taking a = b = ¢ = d = 1/4. (Computer
assisted)

Letting A = a+ b+ ¢+ d we come to

17
A?(ab + ac + ad + be + bd + cd) + 4abed < 2(abe + bed + cda + dab) A + aA‘l

The symmetry allows ustoset a > b > ¢ > dand then c = d+2z,b = c+2z = d+2+y,
a=b+2x=d+ z+y+ z. Upon expanding we get

d*(96x? + 1282y + 9622 + 128y* + 128yx + 64zx) +

+d(224y2? 4+ 112222 + 19292 + 22422y + 802 + 1122° + 128y° +
+320zyz + 3202y% + 208222) +

+172* + 332% + 16y + 72y2® + 3203 + 15222yx + 962y° + T622° +
+8823y + 44232 + 152222 4 862222 + 144zy2x + 200zyx? + 88y2z?

Also solved by Albert Stadler, Switzerland and Neculai Stanciu, Roma-
nia and Titu Zvonaru, Romania and the proposer.

71. Let ABC be a triangle with AB > BC > CA. Let D be a point on AB such
that CD = BC, and let M be the midpoint of AC. Show that BD = AC and that
/BAC =2/ABM. (Mexico National Olympiad, 2007)

Solution. We have received no solution of this problem.

72. The subsets A1, Aa, ..., Asgoo of a finite set M satisfy |A;| > %|M\ for each
i =1,2,...,2000. Prove that there exists m € M which belongs to at least 1334 of
the subsets A;. (Greece National Olympiad 2000)

Solution by Neculai Stanciu, Romania and Titu Zvonaru, Romania. Let
r1,T3,..., X, be the elements of the set M. We consider a matrix B with n rows
and 2000 columns, such that b;; = 1 if x; € A; and b;; = 0 otherwise. By
the statement yields that the sum of the elements of matrices B is greater than

2000 - %" We deduce that there exists at least one of n rows has a sum S, with
4000n

S>|—2—|= L%J = 1333 so there exists one element whics belongs to at least

1334 of the sets A17 AQ, ceny Agooo.
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73. Let n be a positive integer and let k be an odd positive integer. Moreover, let
a,b and c be integers (not necessarily positive) satisfying the equations a™ + kb =
b" + kc = c™ + ka. Prove that a =b = c.

(Beneluz, 2007)

Solution by Neculai Stanciu, Romania and Titu Zvonaru, Romania.

If n is odd, wlog b > ¢, then a < b and ¢ > a. Now, we also have b < csoa=b=c.
If n is even, then n = 2m = a®™ — b*™ = k(c — b) & b*™ - * = k(a — ¢) &
A —a®™ = k(b—a).

It is easy to see that a,b,c are congruent modulo 2. Let be v > 1 the maximum
integer such that 2% divides @ — b, then 2°+! divides b — ¢, 2V*? divides ¢ — a and
2v*3 divides b — a, so a — b is divisible by every power of 2, so a = b. In a similar
way we obtain that b=csoa=b=c.

74. Consider a triangle ABC. Let S be a circumference in the interior of the
triangle that is tangent to the sides BC', CA, AB at the points D, E, F respectively.
In the exterior of the triangle we draw three circumferences Sa, Sp, Sc. The
circumference Sy is tangent to BC at L and to the prolongation of the lines AB,
AC' at the points M, N respectively. The circumference Sp is tangent to AC at E
and to the prolongation of the line BC at P. The circumference S¢ is tangent to
AB at F and to the prolongation of the line BC at Q. Show that the lines EP,
FQ and AL meet at a point of the circumference S.

(Lusophon Mathematical Olympiad 2013)

Solution by Neculai Stanciu, Romania and Titu Zvonaru, Romania. We
use usual notations. We have
AF=AFE=s—a,BF=BQ=s5s—-bCE=CP=s—c¢,, BL=s—¢,CL=s—,
LQ=s—c+s—b=aand LP =s—b+s—c=a. We denote, E' = AP N FQ,
F'=AQNEPand T = EPNFQ.

Now, by Menelaus theorem in triangle ABP with the transversal Q — F — E’ and
in triangle ACQ with the transversal P — E — F’ we obtain :

QB EP FA_,  EP_ 2

QP E'A FB E'A s—a
and

PC FQ FA | FQ_

PQ F'A Ec F'A  s—a
Since,

LQ E'P F'A a 2 s—a
LP E'A F'Q a s—a 2a
and by converse of Ceva’s theorem yields that the lines EP, FQ, Al are concurrent.

Now, by Van-Aubel theorem we obtain,

AT  AE" AF' AT  s—a AL s

AL"FP FQ AL a TL a
h

Let T" be the projection of the point 77 on BC. We deduce that, % = 7% =

T = % = 27, hence the point T is on the circumference S .
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MATHNOTES SECTION

Computer-Discovered Mathematics:
Anticevian Corner Products

SAVA GROZDEV DEKO DEKOV

ABSTRACT. By using the computer program “Discoverer”, we give theorems about
anticevian corner products.

Keywords. anticevian corner product, triangle geometry, remarkable point, computer-
discovered mathematics, Euclidean geometry, Discoverer.

AMS Subject Classification. 51-04, 68T01, 68T99.

1. Introduction

The computer program “Discoverer”, created by the authors, is the first computer
program, able easily to discover new theorems in mathematics, and possibly, the
first computer program, able easily to discover new knowledge in science. See e.g.
[2,3],[4]. In this paper, by using the “Discoverer”, we investigate the anticevian
corner products. The paper contains more than 100 theorems about anticevian
corner products. We expect that the majority of these theorems are new, discovered
by a computer.

Given AABC, the side lengths are denoted a = BC, b = CA and ¢ = AB. The
labeling of triangle centers follows [7]. Hence, X(1) denotes the Incenter, X(2)
denotes the Centroid, X(37) is the Grinberg Point, etc. We refer the reader to ([7],
Glossary), for the definition of a triangle center.

Let P and @ be triangle centers and let JaJbJc be the anticevian triangle of P. We
say that JaC'B, CJbA and BAJc are the anticevian corner triangles of P. Denote
by Ha the @Q-triangle center of JaC B, by Hb the Q-triangle center of C'JbA, and
by Hec is the Q-triangle center of BAJe. If the lines AHa, BHb and C'Hc¢ concur
in a point, we say that the anticevian corner product of P and @ exists, and we call
the point of concurrence of the lines the anticevian corner product of P and Q.

The computer program “Discoverer” has discovered the following theorems:

Theorem 1. The Anticevian Corner Product of the Incenter and the Orthocenter
exists and it is the Spieker Center.

Theorem 2. The Triangle of the Orthocenters of the Anticevian Corner Triangles
of the Incenter is the Triangle of the Incenters of the Anticevian Corner Triangles
of the Centroid.

Theorem 3. The Triangle of the Orthocenters of the Anticevian Corner Triangles
of the Symmedian Point is the Triangle of the Circumcenters of the Anticevian
Corner Triangles of the Centroid.

In this paper we give a proof of theorem 1 by using barycentric coordinates. Also,
we give examples of anticevian corner products, discovered by the “Discoverer”.
The enclosed files contain 197 examples of anticevian corner products. Of these
107 are points which are included in [7]. Every item in the enclosed List K (or
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equivalently, row in Table P-X, or equivalently, row in Table X-P) can be rewritten
as a theorem. For example, the item 2 of List K rewrites to theorem 1. The rest of 90
examples (available in the enclosed List D) are not included in [7]. We recommend
to the reader to prove theorems 2 and 3 and the examples of the anticevian corner
products, given in the enclosed files.

2. Preliminaries

In this section we review some basic facts about barycentric coordinates. We refer
the reader to [5],[6],[8],[9],[1]. We use barycentric coordinates. A point is an element
of R? defined up to a proportionality factor, that is,

for Vk € R\ {0} : P = (u,v,w) means that P = (u,v,w) = (ku, kv, kw).

The reference triangle ABC has vertices A = (1,0,0), B = (0,1,0) and C = (0,0,1).
A point P = (u,v,w) is normalized if u + v +w = 1. Given two normalized points
P = (u1,v1,w1) and @ = (ug, va, ws), then ([8], 15, Proposition 1):

(1) |PQ|? = —a®vw — b*wu — uv
where u = w7 — ug,v = v7 — v9, and w = wy — ws.

Let DEF be a triangle whose vertices have normalized barycentric coordinates wrt
AABC as follows: D = (p1,q1,71), E = (p2,q2,72) and F = (ps3,qs,r3). Let P be
a point with normalized barycentric coordinates P = (p,q,r) wrt ADEF. Then
the barycentric coordinates of P = (u, v, w) wrt AABC are as follows ([§], 30):

u = pi1p+p2q -+ p3r
(2) v o= @p+@q+gr
= Tip+T2q+ 737

The equation of the line joining two points with coordinates (u1, vy, w1) and (ug, ve, ws)
is

Uy V1 wq
(3) us vy wa| = 0.
x Yy oz

Three lines L; : p1x + quy +r12 = 0,7 = 1,2, 3, are concurrent if and only if

P11 T
(4) P2 q2 T2/ =0.
pP3 43 T3

and the intersection of Lq and Lo is the point

(5) (1117’2 — Qqa27T1,71P2 — T2P1,P142 — plel)
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3. Proof of Theorem 1

Proof. The Incenter I of AABC has barycentric coordinates I = (a, b, c), and the

anticevian triangle of I have barycentric coordinates Ja = (—a,b,¢), Jb = (a, —b,¢)

and Je = (a,b, —c).

The side lengths a1, by and ¢; of AJaCB are as follows (see (1)):

acla+b—c) abla+c—10)
b+c—a b+c—a

The barycentric coordinates of the orthocenter Ha of AJaCB wrt AJaCB are as
follows:

a1y = |BC| =a, by =|JaB| = , c1 = |JaC| =

1 1 1
o~ (i a waa)
Hence, the barycentric coordinates of Ha wrt AJaC B are as follows:
Ha=(b+c—a,a+b—c,a+c—b).
By using (2), we find the barycentric coordinates of Ha wrt AABC as follows:
Ha = (—a,a+c,a+1D).
The side lengths ag, by and ca of ACJbA are as follows (see (1)):

be(a+b—c) ab(b+c—a)

-b a+c—b
The barycentric coordinates of the orthocenter Hb of ACJbA wrt ACJbA are as
follows: Ha = (a+b—c,a+c¢—b,b+ c—a). By using (2), we find the barycentric
coordinates of Hb wrt AABC' as follows:

Hb= (b+c,—b,a+b).

The side lengths as, bz and cg of ABAJc are as follows (see (1)):

be(a+c—0) ac(b+c—a)
a+b—c a+b—c

The barycentric coordinates of the orthocenter He of ABAJc wrt ABAJc are as
follows: Ha = (a+c—b,b+c—a,a+b—c). By using (2), we find the barycentric
coordinates of Hc wrt AABC' as follows:

a2:|JbA\: ,b2:|CA‘:b, 62:|Jb0|:

as = |JcA| = , bg =|JeB| = , c3 =|AB| =c.

He=(b+c,a+c,—c).

Now by using (3) we find the barycentric equations of the lines AHa, BHb and
CHec as follows:

AHa: (a+by—(a+c)z = 0
BHb: (a+bzx—(b+c)z = 0
CHc: (a+c)x—(b+c)y = 0

By using (4), we prove that these lines concur in a point. Then, by using (5),
we find the point of intersection of the lines AHa, BHb and CHc as the point of
intersection R of the lines AHa and BHb as follows: R = (b+c¢,c+a,a+b). Point
R is the anticevian corner product of the incenter and the orthocenter. It is easy
to see that R is the Spieker center. This completes the proof.
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JUNIOR PROBLEMS

Solutions to the problems stated in this issue should arrive before
July 15, 2015

Proposals

36. Proposed by D.M. Batinetu-Giurgiu, ”Matei Basarab” National College, Bucharest,
Romania and Neculai Stanciu, ”George Emil Palade” General School, Buzdu, Ro-
mania

Prove that if p is a prime number (p > 3), then the number p? + 2015 is multiple

of 24.

37. Proposed by Trasca Iuliana, Olt, Romania . Let x,y,z > 0. Prove that

20+ 2y + 4z 2x+4y+ 2z 4x+2y+22>24
4o +4y+32z 4o +3y+4z  3x+4y+4z T 11

38. Proposed by Stanescu Florin, Serban Cioculescu school, jud. Dambovita, Ro-
mania. Prove that in a triangle ABC' the following inequalities hold.

2 2 2 2, .2
SLrR _wy  wy  we _p(p”+ 7" —8rER)
4 p 7 a b c = 4rR

where p is the semiperimeter, r is the incircle, R is the exircle, wq, wp, w. are the
bisectors.

39. Proposed by Roberto Tauraso, Dipartimento di Matematica, Universita degli
studi “ Tor Vergata”, Roma, Italy. Find the sum of the third power of the solutions
of the equation

1 2 3 4

=1
x x—1 -2 x-—3

40. Proposed by Valmir Krasniqi, Department of Mathematics, University of Pr-
ishtina, Republic of Kosova .

Find all functions f : R — R, such that f(f(z) +y)) =z + f(f(y) — z), for all
z,y € R.
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Solutions

31. Proposed by Ercole Suppa, Teramo, Italy  (Dedicated to Italo D’Ignazio) Let
AABC be a triangle and let AX, AY be isogonal conjugate cevians with respect
to ZBAC. Let P, R be the orthogonal projections of B on AX, AY and let S, Q be
the orthogonal projections of C on AX, AY respectively. Show that P, S, Q, R lie
on a circle with center the midpoints of BC.

Solution by Titu Zvonaru, Comanesti, and Neculai Stanciu, Buzau, Ro-
mania. We denote a = ZBAX = ZCAY'; assume that R is in the interior of the
segment and is in the exterior of the segment AY and @ is in the exterior of the
segment AY.

We have

AS =bcos(A—a), AP =ccosa, AR=ccos(A—a), AQ=bcosa
We deduce that

AS-AP =AR- AQ
i.e. the points P, S,Q, R lie on a circle.
Let M be the midpoint of the side BC, and M’ be the projection of the point M
on the line AY. We obtain immediately that

RM' BM RY - MB
= —_— M/:i
Y By & BY
YM'  YM M'Q  CM L YQ-CM
vo ~ve  vQ ve o Me=—~s—

Since

RY = BY cos(C+a), YQ=CYcos(C+«), BM=CM
it follows that M’ is the midpoint of the segment RQ). We deduce that M is on the
perpendicular bisector of the segment PS, so M is the center of the circle which
passed through the points P, .S, @Q, R. The proof is complete

Also solved by Adnan Ali, India and the proposer.

32. Proposed by Pham—Thanh Hung, Department of Mathematics, Can Tho Uni-
versity, Can Tho City, Viet Nam Let x,y, z be nonnegative real numbers satisfy-
ing xyz = 1. Prove that

1 1 1 12

-+ -+-+————= >0
zr y z xz+y+z+3
Solution by Corneliu Manescu—Avram, Transportation High School,
Ploiesti, Romania (slightly modified by the editor). Defining p = = + y + 2,
q=1zy+yz+ zx, r = xyz, we have to prove the inequality
q 12
-+ ——=2>5 1
r * p+3 (1)

From the well-known inequality x2 + y? + 22 > zy + yz + 2y we get
(zy +yz + 22)* = (2y)* + (y2) + (z2)* + 2zy2(z + y + 2) > 3wyz(z +y + 2)
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whence it follows

q* > 3pr (2)

Taking into account the condition r = 1, the inequality (1) is equivalent to
12 5p+3
p+3 p+3

3)

q=>5

From (2) we have ¢? > 3p and therefore for proving (3) it suffices to show that
2
b > <5p + 3)
p+3

(p—3)(3p* +2p+3)>0
which holds true because by the AGM

which is equivalent to

p:x+y+223(a:yz)% =3
and 3p? + 2p + 3 > 0. The proof is complete.

Also solved by Nicusor Zlota, “Traian Vuia” Technical College, Focsani,
Romania, Adnan Ali, Student in A.E.C.S-4, Mumbai, India, Titu Zvonaru,
Comanesti, Romania and Neculai Stanciu, Buzau, Romania; and the
proposer

33.Proposed by Arber Igrishta, Vushtrri, Republic of Kosova Let p > 2 be a prime
number. A little boy wrote the numbers 1,2,--- ,p — 1 on a blackboard. He picks
any two numbers a, b, erases them with a sponge and writes the number ab instead.
This process continues until only one number is left. Prove that the number left is
not divisible by p.

Solution by Adnan Ali, Student in A.E.C.S -4, Mumbai, India We prove
that the number left on the board in the end is (p — 1)!. Firstly, let a; = 7 where
1 <i < p-—1. Now, when the boy picks up any two numbers ag, ays, and writes
their product agag, there are p — 3 numbers left on the blackboard. And continuing
the same way by keeping on picking up any two numbers from the blackboard,
erasing them and writing their product instead, he, obviously will eventually reach
a stage where there will be only two numbers left on the blackboard. So, now one
number out of the two will be the number which the boy did not choose yet and
the other will be the product of the rest if the numbers on the blackboard. So,
now he must choose the two numbers and write their product instead, giving him
the final number a1 ---ap—1 =1---(p—1) = (p — 1)!. From Wilson’s Theorem, we
know that

(p—1!'=-1 (mod p)

and so the number left on the black board in the end is not divisible by p, precisely
what we had set out to prove.

Also solved by Corneliu Manescu-Avram, Transportation High School,
Ploiesti, Romania, Titu Zvonaru, Comanesti, Romania and Neculai Stan-
ciu, Buzau, Romania, and the proposer
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34.Proposed by Proposed by D.M. Batinetu-Giurgiu, ”Matei Basarab” National Col-
lege, Bucharest and Neculai Stanciu, ”George Emil Palade” School Buzdu, Roma-
nia. If x,y, z > 0,then prove that in any triangle ABC with area S and side lengths
a, b, c holds the Inequality

y+za2+z+$b2+x+y
T Y z

2 >8/3.8

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania (ex-
panded by the editor)
Using the AM—-GM inequality we have

y+za2+ z+xb2+x+y62 23§/(y+z)<z+x)(x+y)(abc)2
x Yy z TYZ

Also by the AM—GM we have

(y+2)(z +x)(x+y) > 2y/yz - 2\/zx - 2\/Ty = 8xyz

Then we get

Yh2p 24T THY 2y 3‘\3/(y+z)(z+x)(x+y) (abc)? > 3/8(abc)?

T y z TYz
and it suffices to show that

6/(abc)? > 8V3- S

We use the well known identities

S =rp, rR=—

where as usual r is the incircle, R is the excircle and p
the semiperimeter. The inequality becomes

3V3R? > drp

and the proof concludes with the two well known inequalities
2p<3vV3R, r<R/2
Also solved by the proposers. One incorrect solution has been received

35. Proposed by Proposed by Armend Sh. Shabani, University of Prishtina, Repub-
lic of Kosova. If a + b+ ¢ = 0 show that
a’+b 4+ at+bvrt 4+t B+ 48

7 - 2 ' 3

Solution by Neculai Stanciu, Buzau, Romania and Titu Zvonaru, Comanesti,
Romania

We denote ab + bc + ac = m and abc = n. Then a,b and c are the roots of the
equation 22 +ma —n = 0 and we also denote Sy, = a¥ + b* 4 c*.
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Using Viete’ s relations we deduce
Si=a+b+c=0,5 =—-2m,S =+mS; —3n =0,5 +mSy —nS; =0,

S5 +mS3 —nSy =0,5+mSs —nSy =0
So, we obtain that

S5 = 3n, S, = 2m?, S5 = —5mn, S; = Tm?n.
Hence

Si_ . _Si S

7T
Also solved by Adnan Ali, Student in A.E.C.S-4, Mumbai, India, Nicusor
Zlota, ”Traian Vuia” Technical College, Focsani, Romania, Corneliu
Manescu-Avram, Transportation High School, Ploiesti, Romania and
the proposer
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