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Solutions to the problems stated in this issue should arrive before

February 15, 2013

Problems

50. Proposed by Anastasios Kotronis, Athens, Greece. Show that

io (DF _ 1 +O0n tin"%n) n — 400
£ Oln(n+k) "~ 2Ilnn '

51. Proposed by D.M. Batinetu- Giurgiu, Matei Basarab National Colege, Bucharest,
Romania and Neculai Stanciu, George Emil Palade Secondary School, Buzdu, Ro-
mania (Jointly). Let a € (1,00) and b € (0,00). Calculate

] n (n—|—k)‘171
)

52. Proposed by Yuanzhe Zhou, The School of Physics and Technology (SPT) at
Wuhan University. Let a,b,c > 0, prove that,

a \2 b \2 c \2 3
cos( ) —|—cos( ) —|—cos( ) > —
b+c a+c a+b 2
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53. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. The Stirling numbers of the first kind denoted by s(n, k), are the spe-
cial numbers defined by the generating function z(z — 1)(z — 2)---(z —n+ 1) =

o s(n, k)z*. Let n and m be nonnegative integers with n > m — 1. Prove that

/1(1on dx_{(—l)"~n!-§(n+1), m=1,

[—a)m (1)t S ) s(m - 1Ld) -G 1 - 1), m > 2,

=1

where ¢ denotes the Riemann zeta function.

54. Proposed by Moubinool Omarjee, Paris, France. Let f : [0,400) — R be
a measurable function such that g(t) = e'f(t) € L'(Ry); the space of Lebesgue
integrable functions. Find

nt+1 nt—1\\"
li #) ( 4sinh inh dt
o (asin (M5 s (705 ) )

—x

e’ —e

where sinh(z) = =

55. Proposed by Enkel Hysnelaj, University of Technology, Sydney, Australia. Let
x,Y, z, @ be real positive numbers. Show that if

nzd + (n+ 1)z
DAL

x?+1
cycl

then
Z 1 > 2« + 27713
x 3 In2a + o3
cycl
where n is a natural number.

56. Proposed byJosé Luis Diaz—Barrero, BARCELONA TECH, Barcelona, Spain.
Let n > 2 be a positive integer. Find all possible values of the number k such that
Fy(l+ FR FR o) n Floo(L+ FRFR ) . Fro (14 Fr o Fy)
Fn—an+1 FnFn—i-l Fn—an

57.* Proposed by Naim L. Braha, Department of Mathematics and Computer Sci-
ences, University of Prishtina, Republic of Kosova. If fy and f1 are constants, then
prove for which values of A, the following series converges:

ey j .
D VI C N VR I o=

j=0 1<y K- <Kij<n—2m=1

UL j .
whea (e 2l (A(ier ik _1> ’

=0 2K K Kij<n—1m=1

where a < b if and only if a + 1 < b.



120

Solutions

No problem is ever permanently closed. We will be very pleased considering for
publication new solutions or comments on the past problems.

43. Proposed by D.M. Batinetu-Giurgiu, Matei Basarab National Colege, Bucharest,
Romania and Neculai Stanciu, George Emil Palade Secondary School, Buzdu, Ro-
mania (Jointly). Let a be a positive real number and I'(z) be the Gamma function
(or Euler’s second integral). Calculate

. (wa) Dz + 2% sin (xia) T+ 1) sin <i)>

T—r 00

Solution by Anastasios Kotronis, Athens, Greece. From Stirling’s formula,
we have

Fxz+1)= %-&-1/2 (1+0@™) x — 400,
S0 ‘
In(M(z+1)=zlnr —x+ me + 1n227r +0(xh)
and

1 Inz In27
r 1))* = Inz—1+ — -2
(Do + 1) = oxp (o -1+ 57+ B2 4 0% )
oz Inz In27 149
_E+§+ % +O(]} ln l‘)

Putting x + 1 in the preceding expression instead of x, we get

1 z Inxz In27
T 2))z+l = — -
(C(z +2) e + 2e 2e

+é+(’)(m_1ln2x).

Furthermore,

1. 1y = Inz In27 149
z (D(x+ 1))~ sin (:c) =t 5 5 + 0O (z7 " In” z) and
1 1 z Inz In2x 1
D(z 4 2))7 si =24 = - ~!n?
(2 + a) (D(w + 2)) sm(Ha) e 40 ()

On account of the above

(z-+a) (D(x + 2)) 771 Sin< L >x (C(z +1))7 sin (1> o mie) o
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Also solved by Omran Kouba, Higher Institute for Applied Sciences
and Technology, Damascus, Syria; Paolo Perfetti, Department of Mathe-
matics, Tor Vergata University, Rome, Italy; Konstantinos Tsouvalas,
University of Athens, Athens, Greece; and the proposer

44. Proposed by Owvidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania. Let A denote the Glaisher—Kinkelin constant defined by

A= lim n"'/2n/2-1/12 ”2/4Hkk—1282427130

n— oo
k=1

Prove that

v 7
ST Y A4 In2+ -
p+2 p —bmAtinEt g,

where ( is the Riemann zeta function defined by ((s) = > "7, 1/k* for R(s) > 1

Solution 1 by Paolo Perfetti, Department of Mathematics, Tor Vergata
University, Rome, Italy. First, we have

C(2p+1)
Z p+2 sz2p+1p+2

p=1 k=2p=1
Since
0 2p+1 1 s Z2T ) 24 1 Z4
22 ) = = (1n(1 =22 242
g (; . 2) Z3<n< z)+z+2>
then
2p+1) -1 S& 3 1 1
— k1 — 4
pzl p+2 %;in"“Qp—FQ Z ") Tt

Now, we have

Zk?’ln(l—)

I
NE

Fn(k+1)+ Y En(k-1)-2> ¥k
k=2 k=2

(k+1)3In(k+1) + zn:(k ~1)3In(k—1) - Qikg’lnk
k=2 k=2

=~
||
%)

I
NE

>~
S
N

(3(k: —DIn(k —1) +3(k + 1) In(k + 1))

+
:HM

+Z n(k —1) - 3(k +1)*In(k + 1))

+Z (In(k — 1) — In(k + 1))
k=2
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and

- 1
3

g k° In (1— k2)

k=2

((n—|— 1)3ln(n+ 1) —n3lnn — 81n2)

+6Zklnk—3nlnn—|—3(n+1)ln(n+1) —6In2

k=1

+ (—3112 Inn—3(n+1)*In(n+1) + 121n2) —Inn—In(n+1)+1n2

n
:6Zklnk‘—3n21nn+n2—3nlnn—g—lnn+

k=1
Moreover

n(n +
2

k=2

1
)7]-7

"1
> ok

k=2

11 +
=_-lnn
2

Adding up the three preceding contributions, we get

6Zklnk73n21nn73nlnnf

k=1

whose limit when n — 0o is 6lnA —In2 + 3 —

1

nnjL
2

7
6’

3 9

-n
2

Solution 2 by Anastasios Kotronis, Athens, Greece.
First we observe that for |z| < 1 is

m21)—‘,—1

p+2

p>1

Now, we have

1 22)?
&€ p
p>3
r 1 In(l-2?)
2 3

“+oo
¢(2p+1)—1 _

(=)™

1 1
p+2 (; n2rtl

1 3
s s (e
n>2p>1 p+ n>2 n
N 1
=— i — Sn(1-=))=- 1
N—1>r-ri-loonz_:2<2n+n+n n( n2>> N—l>r—r-loo
Hy —1 N +2)(N -1
=— lim ( N +( +2)( )+ln
N—+o0 2 2 ;

lim
N—+oco

N2
2

N
2

3
2

H
(if+++mm0

1
3

v 1
> 2+0(1)
vy 7
S N DI
nEtS TG

and the statement follows.
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But

N 'n/3 N TLS
av = I (n ;ni) 11 (n ;L*‘ni)

n=2 n=2
N—-1
1 psore | (VA DY (k—1)? =k
- NN H 2 o928 Hk
k=2
_ LNV
= 5 yoer L
=1

N 6 3 2
_ (N_NQ/Q_N/2_1/126N2/4 H kk> . (N“F 1)N NSN +3N+1/2

oON(N+1)3g3N2/2
k=1

Since Hy =In N 4+ v+ o(1) and

(N+1)N3N3N2+3N+1/2 B N2 N InN 1 -
ONOHIENTE g g g T mErel)

then on account of the preceding, we get

2p+1)—1 7
ZC Pt lim (—7—61nA+1n2++o(1)>
o= p+2 = Notoo 2 6

In

as desired.

Also solved by Omran Kouba, Higher Institute for Applied Sciences
and Technology, Damascus, Syria; Konstantinos Tsouvalas, University
of Athens, Athens, Greece; and the proposer.

45. Proposed by Moubinool Omarjee, Paris, France. Let M = ( (Cl Z ) € My(Z).

Prove that there exist (A, B,C) € My(Z) x My(Z) x Ms(Z) such that M = A? +
B? + C2.

Solution by AN-anduud Problem Solving Group, Ulaanbaatar, Mongo-
lia. (a) Leta—d =2k+1, k € Zora—d =4k, k € Z. Since 2k+1 = (k+1)? — k?
and 4k = (k+1)? — (k—1)2, there exists x, t € Z such that a —d = 2% —t2. Then we
havea—1—22=d—1—t?>andlet usdenote a — 1 —2?> =d—1—t? = yz, y,z € Z.
Then, we have
a b 2 +yz+1 b
c d c t?4+yz+1
22 +yz zy+uyt n 1 b—axy—yt
rz+ 2t 2+ yz c— Yy —yz 1

Ty 1 0 0 b—zy—yt
(z t>+<c—xy—yz 0)+(0 1

Ty 2+ 1 0 2+ 0 b—zy—yt 2

z t c—xy—yz 0 0 1
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(b) Let a — d =4k + 2, k € Z. Also we have
a—d—2=4k=(k+1)?—(k-1)2<a-2-(k+1)?=d— (k—1)%
Leta—2—(k+1)2=d— (k—1)?> =yz, x,y € Z. Then we also can show

a b _ 2+ (k+1)%2+yz b2 .
<c d) <(k+1)2c+yz (I;/c—yl) N )
< 2kz (k—1)2+yz>

n 2 b—2ky
c—2kz 0
_(k+1 oy 2+ 1 0\’
o z k-1 c—2kz 0
n 1 b—2ky ?
0 0 '

Also solved by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria; and the proposer.

46. Proposed by Anastasios Kotronis, Athens, Greece, and Serafeim Tsipelis, Ton-
nina, Greece (Jointly). Evaluate

o ~1¢(2n)
> (—1)"
n=1

where ( is the Riemann zeta function.

Solution 1 by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-
Napoca, Romania. More generally it is known that (cf., [IL Formula 11, p. 160])

oo 2k
Zg(%)% Tl 48 + T —1), <1,
k=1

Letting t — 4, in the preceding formula, we get

Z(*UH@ = —In(T'(1+14)-T(1—1))
k=1

= —In(i-T(i) '~ r'(1—1))
— I <ﬂsm7;7r:l)>
—n (T35,

where the last equality follows on account of Euler’s formula, sin z = ——.

REFERENCES

[1] H. M. Srivastava and J. Choi, Series Associated with the Zeta and Related Functions, Kluwer
Academic Publishers, 2001.
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Solution 2 by Robinson Higuita and Joel Restrepo(Jointly), University
of Antioquia, Colombia. We know that

8

1
= ()
therefore
- (2n) DM L o\~ (Dl
Z( 1)n1 :Z Z 271222 2\n
n=1 n n=1 n k=1 (k ) k=1n=1 n (k )
But -
(71)7171 1
In({l+-—= )=
n( + k2) Z n (k2)"
n=1
Thus
1 $2n) & 1\ (T (1+k
S0 S (1 ) = (1T (4
n=1 k=1 k=1
We see that
ad 1 sinh 7
I[I(1+=5)=
ot n m
All zeros of the entire function sinhz are first order and they are the points
0, —mi, wi, - - - , —nmwi, nwi, - - -, the convergence exponent of this sequence obviously
is 7 = 1. Moreover,
- 1 1 = 1
— — 3 h-l ) <
Z | Z nmw oo, whte Z (nm)? oo
n=1 n=1 n=1

i.e. kK = 1. Hence, by Theorem (Hadamard’s Factorization)

o0 oo 2
inh » — e9(2) (1 L) —z/nmi (1_4) z/nmi _ ,9(2) 1+~ ).
sinhz=e z};[l +nm‘ e oy e e Z,E + (nm)?

Further, the order of the entire function sinhz obviously is p = 1, and hence
g(z) = co + c12z. The easiest way of determining the coefficients ¢y and ¢; is to

observe that )
sinh 2z

2 (1 + ﬁ)

is an even function, and hence e €% = ¢%~=1% Hence ¢; = 0. Putting z — 0 in
the above expression we conclude that e = 1, and hence g(z) = 0. Thus,

o0 2
sinhz =z || <1—|—(z)2).
nmw

n=1

e9(z) —

Finally,

sinh 7 ad 1
T it n

Also solved by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria; Paolo Perfetti, Department of Mathemat-
ics, Tor Vergata University, Rome, Italy; AN-anduud Problem Solving
Group, Ulaanbaatar, Mongolia; Konstantinos Tsouvalas, University of
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Athens, Athens, Greece; Joaquin Rivero Rodriguez, Spain; and the pro-
poser.

47. Proposed by David R. Stone, Georgia Southern University, Statesboro, GA,
USA. Identify the graph of the equation

y* — 1022y + 252%y? — 5020y + 242° = 0

Solution by Omran Kouba, Higher Institute for Applied Sciences and
Technology, Damascus, Syria. Let

G = {(z,y) € R?|y* — 102°y® + 252*y® — 502%y + 242® = 0}.
Clearly,
G = {(0,0)}U{(x,y) eR*xR:f (%) = ()}7

where f(t) = t* — 10t + 25t — 50t + 24. Now, a simple study of the variations
of f shows that the equation f(¢) = 0 has exactly two real zeros A; € (0,1) and
A2 € (7,8). A numeric evaluation shows that A; ~ 0.63270759 and A; ~ 7.49826796.
Cosequently, G is the union of the two parabolas P; and P of equations y = Az
and y = Ag2? respectively.

Also solved by the proposer.

48. Proposed by Florin Stanescu, School Cioculescu Serban, Gaesti, jud. Dambovita,
Romania. Let f : (0,00) = (0,00) be a differentiable function for which there exist
real numbers a and b, 0 < a < b such that

o 10y, 10 J@
tla g2 b a
f'(a) 2

!
ii):
W ) ~a
(a) Find an example of a function that satisfies the preceding conditions
(b) Show that there exists a ¢ € (a,b) such that

JJ:EZ)) - (2)2 e (55-2)

a

Solution by Adrian Naco, Polytechnic University, Tirana, Albania.
(a) The function f(x) = kz?, where k is a constant number, satisfy the condition
(ii), Yz € (0, 00).

(b) The function F is defined by

m(f(f))m(f(j))

Flz) = —a , z € (a,00)
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which is everywhere continuous and differentiable in (0, 00) and even continuous in
the point a. Indeed from the definition

o= ()] <12

On account of (i) and applying the integration by part method we have
b ! b b
/ x[f(f)} do = [ch(f)} B / f(;s) e
u T 2?2 |, J. =

’

} < 0 for all € (0,00). Then, considering the

Case 1. If [f(x)}/ >0 or {

22
f(x) P 0 f P 2 3 3
5| =0for all x € (0,00) = f(z) = ka*, with k € R in

f(z)

2

above result, we get {

which case, the condition (b) holds for every ¢ € (0, c0).

Case 2. There are at least two points a, 8 € (a, 00) such that

{f(f)] >0 and [f(f)} <0
z =« T =0
Since the function % is continuous and differentiable in [«, 5], based on Darboux

f@)

Theorem it implies that there exists a point v € («, 3) such that [ 5 ] = 0.
z? |,

lim F(z) = [m(f(x))];_v _fo) % _o

Thus

Ty z? f)

The function F' is continuous in [a, ] and differentiable in («, ), thus, considering
the fact that F(a) = F(y) = 0 and based on Rolle’s Theorem, we have that there

In % —In 7f(a) ’

exists ¢ € (a,7) such that F'(¢) =0 or [(12 = 0. That is,
T—a p—e
(L@ 2 i@y i@
(C a)(f(c) C> |:ln c2 ln a2 :| _0:>(C_a) f/(c)_g - lnf(c)_nf(a) _0
c—a B fle) « c? a® |
or
(c—a) (“j)i) (c=a) (f'f) )
ln@zln@—i—lne " @lnLg):lnf(g)-l—lne o
c a c a
and

M _ f(a) e(c_a)<ff'(<:)>_i> " (o) B (C>26(C_a)<ffl((:))_i)
f
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Also solved by AN-anduud Problem Solving Group, Ulaanbaatar, Mon-
golia; and the proposer.

49. Proposed by Mihdly Bencze, Brasov, Romania. Let a,b,c be positive real
numbers. Prove that

a b ey, Va0l ap
b ¢ «a ab + be + ca

Solution 1 by Adrian Naco, Polytechnic University, Tirana, Albania.
The generalization of the problem 49. Let z1,2s,...2,, (n > 3), be positive real
numbers. Prove that

where x, 11 = x1. Based on Chauchy-Schwarz inequality we have

n

i=1 1 1=1 =1

(S Eoo) - (£ &

T;T
i—1 1 lbg4+1

Furthermore

sz +2 Z Z;xj 321‘i$7‘,+1
1=1

1<i<j<n

T Tn
E TiLi+1 § TiLi+1
i=1 i=1

n n n n n n
2 2 1 2
E "+ 2 E TiTiy1 3 E TiTiq1 E " — E TiTiy1 3 [ g (i —wiq1)

i=1

i=1 i=1 i=1 i=1
> — > - =

§ LiLi+1 § TiLi+1 § LiLi+1 § TiLi+1
i=1 i=1 i=1 i=1
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(z; — wi41)?
1

n
5 n

n
inxi+l Z%‘%‘H
i=1 i=1
The last inequality is based on the well-known AM-GM inequality

a1 +as+...a, > nYaras...ay

n

~

where ay,as,...,a, € RT, and a; = (v; — 2;41)%, Vi € {1,2,...,n}.
The equality holds only for n = 3 and x; = x5 = ... = z,. For n > 4 the equality
is not true because

n

n
E TiTj > E TiTit1
=1

1<i<j<n

Solution 2 by Eric Milesi Vidal, BARCELONA TECH, Barcelona, Spain.
First we subtract 3 from each side of the inequality
a—b+ b—c+ c-a {/(a—b)2(b—c)%(c — a)?
b c a ab + be + ca

Now we prove that the following inequalities hold

ey El (=

111 —b)%+ (b—c)? -
> (a=b)ca(=++-) > (@b +b-o +(c—a

/ a b 3
cyclic
RHS is holds applying AM —G M inequality. Equality holds if and only ifa = b = c.
To prove LHS inequality, we have see that

2 2 2 2 2
9 ca (a=b)*+(b—0c)+ (c—a) 5 3ca

ZafbafchrTz 3 = ZaJrTZZLZab,

cyclic cyclic cyclic

C

or equivalently,

2
9 ca
Za > Zab and 3 X ZTZSX Zab
cyclic cyclic cyclic cyclic
The first inequality is well-known. For the second, we may assume WLOG that
a>b>cso %b <9< b?“ Since both sequences are sorted in the opposite way by
applying the rearrangement inequality, we get
ca® ab®  bc?
ab+bc+ca< —+ — + —
b c a
Equality holds if and only if a = b = ¢ and we are done.

Also solved by AN-anduud Problem Solving Group, Ulaanbaatar, Mon-
golia; Paolo Perfetti, Department of Mathematics, Tor Vergata Univer-
sity, Rome, Italy; Ioan Viorel Codreanu, Satulung, Maramure, Romania
and the proposer.



MATHCONTEST SECTION

This section of the Journal offers readers an opportunity to solve interesting and ele-
gant mathematical problems mainly appeared in Math Contest around the world
and most appropriate for training Math Olympiads. Proposals are always wel-
comed. The source of the proposals will appear when the solutions be published.

Proposals

36. Find all positive integers n such that 177! + 197~ divides 17" 4 19”.

37. Let , 8 and vy be three distinct complex numbers. Show that they are collinear
if, and only if, Im(af + 57 + ya) = 0.

38. Through the midpoint M of a chord PQ of a circle, any other chords AB
and CD are drawn; chords AD and BC meet PQ at points X and Y respectively.
Prove that M is the midpoint of XY.

39. The students of a University Course in Mathematics take their exams in Calcu-
lus, Algebra, Physics and Geometry. It is known that 73% passed Calculus exam,
82% passed Algebra, 77% passed Physics and 89% passed Geometry. At least, how
many students have passed the exam of all four subjects?

40. Let «a, 3,7 be the angles of an acute triangle ABC. Prove that

2 2/3
3 tan 8 tan-y tan o + tan 8 + tan -y

cyclic
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Solutions

32. Two circles C1 and Co have in common two points X and Y. We draw a
line that cuts Cy at points A and B. Next we draw the lines AX, AY which cut
Cy at points Ax and By and lines BX, BY which cut Co at points Bx and By
respectively. Show that the three lines AB, Ax By and Ay Bx are parallel.

(Short List of International Mathematical Arhimede Contest 2012)

Solution by Guillem Alsina Oriol, BARCELONA TECH, Barcelona,
Spain. In the following figure we observe that BAY = BXY by spanning arc
(or capacius arc), and BXY = BXP + PXY. Moreover, BXP is equal to QX Bx

(opposite by the vertex), and they are equal to Xfy\Bx on account of the half
inscribed angle. Also by using again the half inscribed angle property, we have
PXY =Y Ay X.

So, we have

BAY = XAy By + YAy X = YAy By

Since line AAy cuts lines AB and Ay Bx and the angles BAY and me are
equal, then lines AB and Ay By are parallel.

Now, we only need to see that Ax By is also parallel to these two lines. It will be
suffice to see that the angles A X/BY\B x and Ayﬁ\xBy are equal. We know that
A X/BY\B x 18 equal to AX/X\B x by spanning arc. Furthermore, the last one is equal
to AXB because they are angles opposite by the Vertex Likewise, AyB x By is
equal to AyYBy7 which is equal to AYB. Finally, since AXB=AYB by spanning
arc, then AX/BY\BX = A}EX\B)/, and the three lines Ax By, Ay Bx and AB are
parallel. O

Also solved by José Luis Diaz-Barrero, BARCELONA TECH, Barcelona,
Spain, Adrian Naco, Polytechnic University, Tirana, Albania, Omran
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Kouba, Higher Institute for Applied Sciences and Technology, Damas-
cus, Syria and José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain.

33. Four dice are thrown at the same time on a table. Find the probability that the
sum of the points appeared in the upper faces lies between 14 and 18 points.

(Training Sessions of Spanish Team for IMO 2012)

Solution by José Luis Diaz-Barrero, BARCELONA TECH, Barcelona,
Spain. We have to count how many possibilities there are to obtain sums of 15, 16
and 17 points, respectively. To do it we consider the polynomial

24+ 22+ 24+ + 25+ 20
Here, the powers of z keep track of the different faces of the dice and the coefficients
of the powers of z show the number of occurrences of each face. The second, third
and fourth dies represented by the same polynomial and the outcome of throwing
are represented quite naturally by the polynomial
(242742242 4224 20) (2422 + 22 42 4254 20) e+ 22+ 22 2 20 20) (a4 2P 2P 2 20 420
By expanding this, we get
244425 4102°042027+352% +56 27480 2'0+ 104 21 + 125 2" + 140 2 + 146 2

+140 2" +125 2" +104 2" + 80 2" + 56 2" 4+ 35 2°° + 20 2% +10 2% + 427 4 2

and we find that there is one way of obtaining a sum score of 4; there are four
ways of getting a sum score of 5; ten ways of getting a sum score of 6 and so on.
Thus, the number of favorable sums are the coefficients of 2'2, 216, 217, respectively.
That is, Ny = 140 + 125 + 104 = 369 and the number possible sums N, = 1296.
Therefore, the probability required is

Ny 369 41
Pld<s<18) ==L = " =
N, 12906 144

O

Also solved by José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain, Eric Milesi Vidal, BARCELONA TECH, Barcelona, Spain, and
Oscar Rivero Salgado, BARCELONA TECH, Barcelona, Spain.

34. Let P be an interior point of triangle ABC and let Ha, Hg, Hc be the or-
thocenters of triangles PBC, PAC, and PAB, respectively. Prove that triangles
HisHgHc and ABC' have the same area.

(Catalonian Mathematical Olympiad 2012)

Solution by José Luis Diaz-Barrero BARCELONA TECH, Barcelona,
Spain. First, we compute the distance from vertex A to the orthocenter of AABC.
That is, |AH| = dist(A, H). Since ABCC' ~ AAHC', then

AH _AC' AH _AC' . AC
CB_cc' T T4 T cC ~ Yo

Furthermore, in triangle ACC’ we have AC’ = bcos A and CC’ = bsin A. Substi-
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a bsin A

from which follows AH = a|cot A|. Notice that if AABC is a right triangle with
A = 90° the expression is also valid, but in this particular case is A = H and
AH =a cot90° = 0. If A > 90°, then point H lie on the exterior of AABC and we
have AC" = b cos(180° — A) and CC’ = b sin(180° — A). So, AH = a cot A and in
this case is cot A < 0. Likewise, we can obtain the distances from H to the acute
vertices (angles) of a right or obtuse triangle ABC.

Joining the arbitrary point with the vertices A, B, C we get the triangles PAB, PBC,
and PCA. Let « = /BPC,8 = ZAPB,v = ZAPC. Obviously a + 8 + v = 360°.
Al least two of these three angles are obtuse and the other is obtuse, right or acute.
So we will examine these three cases separately.

(i) Suppose that the three angles are obtuse. Then, we have PH4 = —acot«
and PHo = —ccoty on account of the preceding. Notice that the angle y =
/HAaPHs = 180° — ZAPC = 180° — B because the sides Ha P and HoP are,
respectively, perpendicular to the sides BC' and AB and one is obtuse and the
other acute. The area A(PHaH¢) of triangle PHaHe is

PH4oPHcgsiny  accotacotysinB
2 B 2 B

A(PHsH¢) = A(ABC) cot accot y

Figura 1

Hp

Adding up the areas of the three triangles PHsHp, PHgHc vy PHo H 4 we obtain
A(HAHBHc) = .A(PHAHB) + A(PHBHc) + A(PHcHA) and
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A(HaHpHc) = TA(ABC) ( cot acot B + cot B coty + coty cot a)
Since a + 5 = 360 — v, then we have cot(a + ) = — cot v or, equivalently,

1 — cotacot 3
ty = —cot =
cor cot(a+ B) cot e + cot
or
cot acot 4 cot S coty + cotyecot v = 1 (1)

from which follows A(HsHpHc) = A(ABC).

(ii) Assume that one of the angles is right, say 8 = 90° (Figura 2). Then Hg = P
and

PHAoPHcgsiny  accotacotysinB
2 B 2 B

.A(HAHBHc) = A(HAPHc) = A(ABC) cot v cot 7y

H

Figura 2
A

Hy

Figura 3

On account of , if cot § = 0 then cot acoty = 1, and the results follows in this
case.

(iii) Suppose that one of the angles «, 3,7 is acute, say APC = B < 90° (Figura
3). Point P is exterior to the triangle Ha HgHc and we have A(HaHpHe) =
A(PHsHc)—A(PH Hp)— A(PHcHp). But in this case we have PHp = bcot §3,
PH4 = —acota and PHe = —ccoty. So,

A(HyHpHc) = A(PHA Hc) — A(PHsHp) — A(PHcHpg)

= (cot acoty — (— cot acot ) — (— cot y cot B)) A(ABC)
= (cot accot B + cot B cot vy + coty cot ) A(ABC) = A(ABC)
O

Also solved by José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain, Eric Milesi Vidal, BARCELONA TECH, Barcelona, Spain, Os-
car Rivero Salgado, BARCELONA TECH, Barcelona, Spain, and Ioan
Viorel Codreanu, Satulung, Maramure, Romania.

35. Compute

. 1 /" n? + 22 i
im — T
n—oon3 J, 57T 47
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(Training Sessions of Spanish Math Team for IMC 2012)

Solution by José Gibergans-Baguena, BARCELONA TECH, Barcelona,
Spain. We begin with a Lemma.

Lemma. Let f : (0,400] = R and g : [0,1] — R be continuous functions. If

lim f(x) =¥, then
Tr—r o0
1
nh_}ngoﬁ/ flx )dxzf/o g(x) dz
Proof. Since the function h(x) = f(z) — £ tends to zero when x — oo, then

fla dxfl “h@g (5) des L[ g (B de (2)
7 2w () e [Fo ()

Since g(z) is continuous in [0, 1], then |g(z)| < M for some M € R and

L[ hw () el <2 [ oo 3)

If H(z) is a primitive of |h(x)| then, applying L’Hospital’s rule, we have

fim 20— i (b)) =0

n—oo n T—00

and the RHS of tends to zero when n — oo. Now, setting x/n = ¢, we have

f;/ong(i) d;vzﬁ/olg(t)dt

and from (] @ ) the proof immediately follows.
Setting f(x) =

and g(r) = 1+ 22 into the preceding Lemma and taking

57T 47 )
into account that ngrolo 5I7+7 = we get
1 ["n?+a? I 1)2® 14
lim — dr = = d :7’7 ‘ _ 2
nEEOnB/O 5= 17 7/0 g(x) de = z|5 + 2| =5
and we are done. O

Also solved by José Luis Diaz-Barrero, BARCELONA TECH, Barcelona,
Spain, Anastasios Kotronis, Athens, Greece, Ioan Viorel Codreanu, Sat-
ulung, Maramure, Romania, Paolo Perfetti, Department of Mathemat-
ics, Tor Vergata, University, Rome, Italy and Omran Kouba, Higher
Institute for Applied Sciences and Technology, Damascus, Syria.

Editors Comment. Problem 31 was retracted by the proposer.
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A mean-value formula for the floor
function on integers

WANG XINGBO

ABSTRACT. The paper first proves several inequalities related with the floor func-
tion, and then deduces and proves a mean-value formula for the floor function with
an integer variable. The inequalities and the formulae are useful in some aspects
related to analysis and computation of the floor function.

1. INTRODUCTION

The floor function and the ceiling function are two special functions that have
integer values, and they are widely applied in number theory, discrete mathematics,
calculus and computer science. A general introduction to the two functions can be
seen in detail in Graham’s book [I]. Readers can see that the properties of the
two functions are miraculous and fascinating. However, it also can be seen that
there still remain quite a lot of problems for us to study. Due to having discrete
characteristics of integers, the two functions are still lack of analytic tools like the
mean-value theorem in calculus to analyze their intermediary status. Hence it is
worth to draw a mean-value theorem for either of the two functions.

In a study on problems of binary trees, I found and proved the following formula

a+d| | «a o—1 1
@ | = 7@t |ze * 3
Since the previous expression is quite similar to the formula f(xg+ Az) = f(x0) +

f(§)Az in calculus, T called it a mean-value formula of the floor function. This
paper mainly presents the way to obtain and to prove it.

2. PRELIMINARIES
This section presents some necessary preliminaries for later sections.

2.1. Definition and Symbols. The floor function of a real number z is denoted
by |x] and it satisfies |z] < x < |z] + 1; the fractional part of z is denoted by
{z} and it satisfies x = |z] 4+ {z}; and the ceiling function of x is denoted by [z]
verifying # < [2] < z 4+ 1. The function z(«), which is defined in [2], represents
the position of the first 0-bit that occurs from the least significant bit (Isb) of a’s
binary representation, e.g., z(0) = z((00000000)2) = 1,z(1) = 2z((00000001)3) =
2,2(83) = 2z((01010011),) = 3.

2.2. Lemmas. The following lemmas are found respectively in Graham’s book [I],
and Wang’s paper|[2].

Lemma 1. For arbitrary real numbers x,y and an integer n, it holds
(P1): [z] + [y] < [z +y] < [z]+[y] +1
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(P2): 2] — [y] — 1
(P3): In+z]=n+
(P4): n|z] < [nz];n|z] = |nz] ©n{z} <1

(P5): |nz| = |z|+|z+ 2| +..+ |z + 2L particularly, |z |+ |z + § | = |22]
(P6): [2] =|21| +1, where m > 0 is an integer.

m

Lemma 2. For integer o > 0, z(«) is the smallest positive solution of the following
modulo-inequality with unknown x.

0 < amod 2% < 271

3. MAIN RESULTS
In the following we present our main results. We begin with (see [4])

Theorem 1. For arbitrary real numbers x,y, it holds
iz >yl=r>yla) <lyl =<y
i. v <y=lz] <|yl;z2z2y=lz] = |y]

The following result shows the case || = |y].

Theorem 2. For a real number & and a real number § > 0,if | + 0| = [£], then
for an arbitrary real number w such that 0 < w < 6, it holds

[ +w] = [¢]

For a real number p < 0, if |+ p| = [£], then for an arbitrary real number n such
that p < n <0, it holds

(& +n] =&
Proof. Since 0 < w < 4, then
(€] SE€<Etw<E+o<[+0)+1
and the condition | +¢| = |£] becomes
€] <E+w<[E]+1

That is the definition of the floor function. Next, we prove the second conclusion.
Indeed, by the condition p < 0 and p <7 <0, yields

[E+pl <E+psEn<E<[E)+1
Considering £ + 6| = |£], it immediately leads to

€] <E+n< &) +1
Hence the theorem holds.

Theorem 3. For an arbitrary integer o > 0, it holds

2 bj@J - bzﬁ)_l J (4)

Proof. For convenience, let I = z(a). By lemma 2, I satisfies 0 < o mod 2! < 27-!
which is equal to 0 < 2(%}121) < 1. Note that

a mod 21

0< 2

«
)<1<:>2{§}<1
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By the property (P4) of lemma 1, it yields
_ a mod 27 «@ « «
which proves the statement.

Theorem 4. For an arbitrary integer a > 0, it holds
a—llJ _ VlJ = || -1
22(a) 9 2z(a) 2 2% (a)
a+1l 1 «
BIw i 2J = |5 1
a+1l 1 @ a—1 1 a+1 @ 1
[W) ~3) = lzwl = {2“ i zJ B bzm J {22@ " 2J

Proof. Also use the symbol I = z(«) for convenience. In the case I = 1, it is
obvious that

a—1 1 [ 1
or — 3 <gr —3=73r <

(V)

N
=
8o

()

a _ a—1 1 at+l _ « 1 a+1
ar =%r t3<SGr =g t3<%Grt

With a direct computation and by the property (P3) of lemma 1, it holds
a—1 1 « le’ a—+1 1 le}
st SR RC S T
{y J Ly 2T ST or | T
By using , it yields
« 1 a—1 « 1 o
55 =5 =g es) =
a—+1 1 7{0[J7 a—lJr} a—+1
21 2|  Lofl | of 2 21
Hence the theorem holds in the case I = 1.
When [ > 1, it knows
a—1 1 « 1 a+1 1 a—1 «
Sr-3<sr—3<%Gr-3<% <
(6)
—1 1 [e%
I

+3<&F+3<st+

-+

N|—=

%<o¢+1<a

2l = 73
First by using , it yields

5+ a) = o] - L= 5]

Referring to the theorem 2 and the formula @, it immediately obtains
o a+1 a—1 1 a 1
— | = = —_ — _ —_ 7
7= ] - [ ) 2

it ®

In fact, when I > 1, referring to the property (P1) of lemma 1, it yields

3 =15 i-w )2 5] 32 - L5

Now, we prove
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By the properties (P2) and (P3) of lemma 1 and referring to (7)), it holds

L_1+1 - g+1_i < 34_1 N 41 = g_,_l +1_{3J+1
21 2] |2 2 o 2l © 2 21 2 2 o L2!
Thus the formula holds, and it leads to
a+1 1 a+1 1 a+1 1 «
—t | =|—— -4 == 1= {—J 1
LQI +2J {21 2 T Lzl 2J+ or] * ©)
Furthermore, it holds
a+1l 1 a+1 1 « «
I - _1:{7J 1_12{—J 10
{ 21 QJ { 21 +2_ 21 + 21 (10)

The formulas @D show that the theorem 4 holds in the case I > 1.
Hence theorem is proven.

By theorem 4, we know that the expression L;%J satisfies

a—1 _{ « J+ —1,z(a) =1

2z(a) | T [9%(a) 0,z(a) > 1
Theorem 5. Leta > 0, § and x be integers such that x = ..., —3,—-2,—1,0,1,2,3, ...,
(x— %) x 27 <5< (x+3)x 2 - then it holds

a+d @
\‘22(01) J - {2Z(a)J +X (11)

Proof. For convenience,we use the symbol v(, §) to denote {;%J , use the symbol

5 o< (v + 1) x 2" and keep using

I = z(a). Note that the condition of the theorem 5 is the same as that of the
theorem 4; hence the conclusions drawn in the theorem 4 can be directly adopted
here. According to the theorem 2, it is merely necessary to prove that v(«, d) takes
an identical value L%J + x, which merely depends upon « and y, on the whole
interval I,,. Also by the theorem 2, this is a job to compute the values of v(e, §) at
five points 6 = (x — 3) x 20,6 = (x = 3) x 2!+ 1,0 = x x 2/,6 = (x + 3) x 2! and
§=(x+3)x2" +1, as follows.

(i). When § = (x — 3) x 2/, it yields

v(a,8) = %] = LMJ

I, to denote the interval (x — 1) x 2

oI
(12)
=[5 +x 3] =x+ 5 -3 =x-1+ 5]
(i4). When § = (x — 3) x 27 + 1, it yields
v(a,6) = [52] = |22
(13)

=[5 Hx =g = x5 -5 = x5
(iii). When & = x x 21, it yields

u(a,a){o‘”Jr*XXQIJ[O%xeﬂO‘J (14)

21 21




140
(iv). When 6 = (x + %) x 27, it yields

vle, ) = | 5] = | |

(15)
— g =xr g+ H = g
(v). When 6 = (x + 1) x 2/ + 1, it yields
v(a,8) = 8] = ||
(16)

=x+1+ 5 -3 =x+1+[5]
Obviously, the results in , and show that v(«, §) does take an identical
value of 2% + x on the whole interval I,,, and the value merely depends upon «
and x since I = z(«) depends on « . Note that the results and also imply

that, for a fixed x , v(«,d) takes an identical value of b%J + x — 1 on the interval
left to I, and takes an identical value U%J + x + 1 on the interval right to I,.

Hence, as x changes, it is true that v(«, d) does take the value of U%J -+ x on every
interval I,,. This ends the proof of the theorem 5.
By the theorem 5, the relationship between the function v(«, ) and the variable &
can be illustrated by figure 1. Through the figure, it gets to know that the length
of the interval I, is 27 . By expressing the interval I, in its equivalent form

I, = (=27 gy x 202071 1y x 2]

it shows that the function v(a,d) changes with the interval Iy = (—27=1 2771 to
be a basic unit. We call the interval Iy a principal interval since the property of
the function v(«, ) on I, can be translated from the property on it.

Tlatan']

—

. R

;‘=_1 .if_l :_j‘r é : _21{1 T 21'-1 zfi 2}‘—1 i g:f—: ,_;;_3 T

o

FIGURE 1. Relationship between the variable 6 and the function v(a, d).

Finally, we state and prove the following

Theorem 6. For arbitrary integers o« > 0 and § , it holds
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oa+0 @ o—1 1
{ym)J =)+ {2z<a> * 2J an)
Proof. Keep using the symbol I = z(a) and suppose 6 € I, without loss of
generality; then by the theorem 5, it yields

1 1
(x=5)x2 <6< (x+3)x2 (18)
Performing a simple transformation on leads to
o 1 <y ) n 1
22— 21 2
That is
6 1 <y o 1 41
of 2 =XS391 73
Referring to definition of the ceiling function yields

o 1
58
By the properties (P6) and (P3) of the lemma 1, it follows
) 1 §—2-1 §g—20-1 1 0—1 1 0—1 1
R IR e e J“:U “g) 1= 3]
[ -31= {2“1 { =]

_ {5—212;1—1 +1=|5y
Hence the theorem 6 holds.

l\')\»—t

4. COMPUTER TEST

Computations related to this paper can be tested on personal computers. The
C-language program is as follows.

\#include"math.h"

int GetI(int a) /* Find the smallest I that fits $0\leq a mod 27i < 2°{(i-1)}$ =/

\{
int i,T1;
int \_2i\_1, \_2i;
for(i=1;;i++)
\{

\_2i\_1 = 1$\11$(i-1);\quad /* Compute $2°{(i-1)}$x/
\_2i=\_2i\_1$\11${1}; \quad /* Compute $2°i$ */

if (a\%\_2i$<$\_2i\_1)
\{
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I=i; \quad\quad\quad \quad/* I is obtained */

\}

return I;

\}

void Test(double a, double delta, int I) /*Perform Test*/

\{

int U,X,Y;

int \_2i;

\_2i=1$\11$I; \quad /* COmpute $2°I$*/

U=(int)floor((a+delta)/\_21i);

X=(int)floor(delta/\_21i);

Y=(int)floor((delta-1)/\_2i+0.5);

X+=Y;

if (U'=X) printf ("Err:\%d \%d \%d \%d \%d $\backslash{n}$",a,delta,I,U,X);
\}

void main()

\{
int I,\_2i,i;

for(i=10000;1<20000;i++)
\{I=GetI(i);
for(int j=-i;j$<=$i;j++)Test(i,j,I);
\}
printf ("Finished!");
getchar();

\}
\fi
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